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INTRODUCTION

Few of us can any longer keep up with the flood of scientific literature, even
in specialized subfields. Any attempt to do more and be broadly educated
with respect to a large domain of science has the appearance of tilting at
windmills. Yet the synthesis of ideas drawn from different subjects into new,
powerful, general concepts is as valuable as ever, and the desire to remain
educated persists in all scientists. This series, Advances in Chemical
Physics, is devoted to helping the reader obtain general information about a
wide variety of topics in chemical physics, a field that we interpret very
broadly. Our intent is to have experts present comprehensive analyses of
subjects of interest and to encourage the expression of individual points of
view. We hope that this approach to the presentation of an overview of a
subject will both stimulate new research and serve as a personalized learning
text for beginners in a field.

1. PRIGOGINE
StuART A. RICE
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PREFACE

This volume, produced in three parts, is the Second Edition of Volume 85 of the
series, Modern Nonlinear Optics, edited by M. W. Evans and S. Kielich. Volume
119 is largely a dialogue between two schools of thought, one school concerned
with quantum optics and Abelian electrodynamics, the other with the emerging
subject of non-Abelian electrodynamics and unified field theory. In one of the
review articles in the third part of this volume, the Royal Swedish Academy
endorses the complete works of Jean-Pierre Vigier, works that represent a view
of quantum mechanics opposite that proposed by the Copenhagen School. The
formal structure of quantum mechanics is derived as a linear approximation for
a generally covariant field theory of inertia by Sachs, as reviewed in his article.
This also opposes the Copenhagen interpretation. Another review provides
reproducible and repeatable empirical evidence to show that the Heisenberg
uncertainty principle can be violated. Several of the reviews in Part 1 contain
developments in conventional, or Abelian, quantum optics, with applications.

In Part 2, the articles are concerned largely with electrodynamical theories
distinct from the Maxwell-Heaviside theory, the predominant paradigm at this
stage in the development of science. Other review articles develop electro-
dynamics from a topological basis, and other articles develop conventional or
U(1) electrodynamics in the fields of antenna theory and holography. There are
also articles on the possibility of extracting electromagnetic energy from
Riemannian spacetime, on superluminal effects in electrodynamics, and on
unified field theory based on an SU(2) sector for electrodynamics rather than a
U(1) sector, which is based on the Maxwell-Heaviside theory. Several effects
that cannot be explained by the Maxwell-Heaviside theory are developed using
various proposals for a higher-symmetry electrodynamical theory. The volume
is therefore typical of the second stage of a paradigm shift, where the prevailing
paradigm has been challenged and various new theories are being proposed. In
this case the prevailing paradigm is the great Maxwell-Heaviside theory and its
quantization. Both schools of thought are represented approximately to the same
extent in the three parts of Volume 119.

As usual in the Advances in Chemical Physics series, a wide spectrum of
opinion is represented so that a consensus will eventually emerge. The
prevailing paradigm (Maxwell-Heaviside theory) is ably developed by several
groups in the field of quantum optics, antenna theory, holography, and so on, but
the paradigm is also challenged in several ways: for example, using general
relativity, using O(3) electrodynamics, using superluminal effects, using an

iX



X PREFACE

extended electrodynamics based on a vacuum current, using the fact that
longitudinal waves may appear in vacuo on the U(1) level, using a reproducible
and repeatable device, known as the motionless electromagnetic generator,
which extracts electromagnetic energy from Riemannian spacetime, and in
several other ways. There is also a review on new energy sources. Unlike
Volume 85, Volume 119 is almost exclusively dedicated to electrodynamics, and
many thousands of papers are reviewed by both schools of thought. Much of the
evidence for challenging the prevailing paradigm is based on empirical data,
data that are reproducible and repeatable and cannot be explained by the Max-
well-Heaviside theory. Perhaps the simplest, and therefore the most powerful,
challenge to the prevailing paradigm is that it cannot explain interferometric and
simple optical effects. A non-Abelian theory with a Yang—Mills structure is
proposed in Part 2 to explain these effects. This theory is known as O(3)
electrodynamics and stems from proposals made in the first edition, Volume 85.

As Editor I am particularly indebted to Alain Beaulieu for meticulous
logistical support and to the Fellows and Emeriti of the Alpha Foundation’s
Institute for Advanced Studies for extensive discussion. Dr. David Hamilton at
the U.S. Department of Energy is thanked for a Website reserved for some of
this material in preprint form.

Finally, I would like to dedicate the volume to my wife, Dr. Laura J. Evans.

MyroN W. Evans

Ithaca, New York
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I. INTRODUCTION

More than a century has passed since Planck discovered that it is possible to
explain properties of the blackbody radiation by introducing discrete packets of
energy, which we now call photons. The idea of discrete or quantized nature of
energy had deep consequences and resulted in development of quantum mecha-
nics. The quantum theory of optical fields is called quantum optics. The cons-
truction of lasers in the 1960s gave impulse to rapid development of nonlinear
optics with a broad variety of nonlinear optical phenomena that have been
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experimentally observed and described theoretically and now are the subject of
textbooks [1,2]. In early theoretical descriptions of nonlinear optical phenom-
ena, the quantum nature of optical fields has been ignored on the grounds that
laser fields are so strong, that is, the number of photons associated with them are
so huge, that the quantum properties assigned to individual photons have no
chances to manifest themselves. However, it turned out pretty soon that
quantum noise associated with the vacuum fluctuations can have important
consequences for the course of nonlinear phenomena. Moreover, it appeared
that the quantum noise itself can change essentially when the quantum field is
subject to the nonlinear transformation that is the essence of any nonlinear
process. The quantum states with reduced quantum noise for a particular
physical quantity can be prepared in various nonlinear processes. Such states
have no classical counterparts; that is, the results of some physical measure-
ments cannot be explained without explicit recall to the quantum character of
the field. The methods of theoretical description of quantum noise are the
subject of Gardiner’s book [3]. This chapter is not intended as a presentation of
general methods that can be found in the book; rather, we want to compare the
results obtained with a few chosen methods for the two, probably most
important, nonlinear processes: second-harmonic generation and downconver-
sion with quantum pump.

Why have we chosen the second-harmonic generation and the downconver-
sion to illustrate consequences of field quantization, or a role of quantum noise,
in nonlinear optical processes? The two processes are at the same time similar
and different. Both of them are described by the same interaction Hamiltonian,
so in a sense they are similar and one can say that they show different faces of
the same process. However, they are also different, and the difference between
them consists in the different initial conditions. This difference appears to be
very important, at least at early stages of the evolution, and the properties of the
fields produced in the two processes are quite different. With these two best-
known and practically very important examples of nonlinear optical processes,
we would like to discuss several nonclassical effects and present the most
common theoretical approaches used to describe quantum effects. The chapter
is not intended to be a complete review of the results concerning the two
processes that have been collected for years. We rather want to introduce the
reader who is not an expert in quantum optics into this fascinating field by
presenting not only the results but also how they can be obtained with presently
available computer software. The results are largely illustrated graphically for
easier comparisons. In Section II we introduce basic definitions and the most
important formulas required for later discussion. Section III is devoted to
presentation of results for second-harmonic generation, and Section IV results
for downconversion. In the Appendixes A and B we have added examples of
computer programs that illustrate usage of really existing software and were
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actually used in our calculations. We draw special attention to symbolic
calculations and numerical methods, which can now be implemented even on
small computers.

II. BASIC DEFINITIONS

In classical optics, a one mode electromagnetic field of frequency ®, with the
propagation vector k and linear polarization, can be represented as a plane wave

E(r,t) =2Eycos(k-r — of + ) (1)

where Ej is the amplitude and ¢ is the phase of the field. Assuming the linear
polarization of the field, we have omitted the unit polarization vector to simplify
the notation. Classically, both the amplitude Ey and the phase ¢ can be well-
defined quantities, with zero noise. Of course, the two quantities can be
considered as classical random variables with nonzero variances; thus, they
can be noisy in a classical sense, but there is no relation between the two
variances and, in principle, either of them can be rendered zero giving the
noiseless classical field. Apart from a constant factor, the squared real ampli-
tude, E2, is the intensity of the field. In classical electrodynamics there is no real
need to use complex numbers to describe the field. However, it is convenient to
work with exponentials rather than cosine and sine functions and the field (1) is
usually written in the form

E(r, t) = E(Jr)ei(km—mr) + E(_)e_i(k,r_wl> (2)

with the complex amplitudes E* = Eye®®. The modulus squared of such an
amplitude is the intensity of the field, and the argument is the phase. Both
intensity and the phase can be measured simultaneously with arbitrary accuracy.

In quantum optics the situation is dramatically different. The electromagnetic
field E becomes a quantum quantity; that is, it becomes an operator acting in a
Hilbert space of field states, the complex amplitudes E* become the annihilation
and creation operators of the electromagnetic field mode, and we have

~ h . .
E= zsgov[&ez(km—wt) + &+e—1(k-r—w1)} (3)

with the bosonic commutation rules
a,a"] =1 (4)

for the annihilation (&) and creation (a™) operators of the field mode, where & is
the electric permittivity of free space and V is the quantization volume. Because
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of laws of quantum mechanics, optical fields exhibit an inherent quantum
indeterminacy that cannot be removed for principal reasons no matter how
smart we are. The quantity

ho

Cg) =
0 260V

(5)

appearing in (3) is a measure of the quantum optical noise for a single mode of
the field. This noise is present even if the field is in the vacuum state, and for this
reason it is usually referred to as the vacuum fluctuations of the field [4].
Quantum noise associated with the vacuum fluctuations, which appears because
of noncommuting character of the annihilation and creation operators expressed
by (4), is ubiquitous and cannot be eliminated, but we can to some extent
control this noise by ‘squeezing’ it in one quantum variable at the expense of
“expanding” it in another variable. This noise, no matter how small it is in
comparison to macroscopic fields, can have very important macroscopic
consequences changing the character of the evolution of the macroscopic fields.
We are going to address such questions in this chapter.
The electric field operator (3) can be rewritten in the form

E = &o[Qcos(k 1 — of) + Psin(k - r — or)] (6)

where we have introduced two Hermitian quadrature operators, Q and f’, defined
as

OQ=a+a", P=—i(a—a") (7)
which satisfy the commutation relation

[0, P] = 2i (8)
The two quadrature operators thus obey the Heisenberg uncertainty relation
(AQ)*)((AP)) = 1 ©)

where we have introduced the quadrature noise operators

AQ=0-(0), AP=P—(P) (10)

For the vacuum state or a coherent state, which are the minimum uncertainty
states, the inequality (9) becomes equality and, moreover, the two variances are
equal

(AQ)) = ((AP)* =1 (11)
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The Heisenberg uncertainty relation (9) imposes basic restrictions on the
accuracy of the simultaneous measurement of the two quadrature components
of the optical field. In the vacuum state the noise is isotropic and the two
components have the same level of quantum noise. However, quantum states
can be produced in which the isotropy of quantum fluctuations is broken—the
uncertainty of one quadrature component, say, 0, can be reduced at the expense
of expanding the uncertainty of the conjugate component, P. Such states are
called squeezed states [5,6]. They may or may not be the minimum uncertainty
states. Thus, for squeezed states

(AQP) <1 or ((AP)) <1 (12)

Squeezing is a unique quantum property that cannot be explained when the field
is treated as a classical quantity—field quantization is crucial for explaining this
effect.

Another nonclassical effect is referred to as sub-Poissonian photon statistics
(see, e.g., Refs. 7 and 8 and papers cited therein). It is well known that in a
coherent state defined as an infinite superposition of the number states

o) & o
) = exp (—7>Z T (13)

the photon number distribution is Poissonian

| |2n

p(n) = |l = exp(~Jof*) & = = exp (@) - (14)

which means
((AR)*) = (@%) — (A)* = () (15)
If the variance of the number of photons is smaller than its mean value, the field

is said to exhibit the sub-Poissonian photon statistics. This effect is related to the
second-order intensity correlation function

G (1) = Ca()a(t +1):) = (@ (a* (t + v)alr + t)a(r)) (16)
where : : indicate the normal order of the operators. This function describes the

probability of counting a photon at ¢# and another one at ¢ + t. For stationary
fields, this function does not depend on ¢ but solely on t. The normalized
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second-order correlation function, or second-order degree of coherence, is
defined as

g (r) = (17)

If g (1) < g?(0), the probability of detecting the second photon decreases
with the time delay 7, indicating bunching of photons. On the other hand, if
g? (1) > ¢?(0), we have the effect of antibunching of photons. Photon anti-
bunching is another signature of quantum character of the field. For Tt = 0, we
have

0= e 00 1) (@) =) g

@ay Gy (i)’

which gives the relation between the photon statistics and the second-order
correlation function. Another convenient parameter describing the deviation of
the photon statistics from the Poissonian photon number distribution is the
Mandel g parameter defined as [9]

N2
g="0 1~ iy (0) - 1) (19)
()
Negative values of this parameter indicate sub-Poissonian photon statistics,
namely, nonclassical character of the field. One obvious example of the
nonclassical field is a field in a number state |n) for which the photon number
variance is zero, and we have g (0) =1—1/n and g = —1. For coherent
states, g<2> (0) =1 and g = 0. In this context, coherent states draw a somewhat
arbitrary line between the quantum states that have “‘classical analogs™ and the
states that do not have them. The coherent states belong to the former category,
while the states for which g(®(0) < 1 or g < 0 belong to the latter category.
This distinction is better understood when the Glauber—Sudarshan quasidistri-
bution function P(a) is used to describe the field.
The coherent states (13) can be used as a basis to describe states of the field.
In such a basis for a state of the field described by the density matrix p, we can
introduce the quasidistribution function P(a) in the following way:

p= szap<a>|u><a| (20)

where d?o. = dRe(a) dIm(a). In terms of P(a), the expectation value of the
normally ordered products (creation operators to the left and annihilation
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operators to the right) has the form

(@) = Te[p(a""a) = [ o p(a) o) @1

For a coherent state |ag), p = |og)(to|, and the quasiprobability distribution
P(a) = 8@ (a0 — o) giving ((a™)™a") = (a*)™a"). When P(o) is a well-be-
haved, positive definite function, it can be considered as a probability distribu-
tion function of a classical stochastic process, and the field with such a P
function is said to have “classical analog.” However, the P function can be
highly singular or can take negative values, in which case it does not satisfy
requirements for the probability distribution, and the field states with such a P
function are referred to as nonclassical states.
From the definition (13) of coherent state it is easy to derive the complete-
ness relation

HIEECEE (22)

and find that the coherent states do not form an orthonormal set

() [* = exp(—Joe — BI) (23)

and only for |o — B|2 > 1 they are approximately orthogonal. In fact, coherent
states form an overcomplete set of states.

To see the nonclassical character of squeezed states better, let us express the
variance ((AQ)?) in terms of the P function

(A0)) = ((a
= (&

+at)’) —((a+a")’
+a*? +2a &+1>—(a+a+>2

[(o0+ o) — (o + o) (24)

which shows that ((AQ)?) < 1 is possible only if P(ct) is not a positive definite
function. The unity on the right-hand side of (24) comes from applying the
commutation relation (4) to put the formula into its normal form, and it is thus a
manifestation of the quantum character of the field (*“‘shot noise™).

Similarly, for the photon number variance, we get

(A7)°) = (i) + (a*2a?) — (a*a)?

— () + JcﬂocP(cx)nocP —{laP)P (25)
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Again, ((An)?)<(a) only if P(o) is not positive definite, and thus sub-
Poissonian photon statistics is a nonclassical feature.
In view of (24), one can write

(AQP) =1+ (: (AQ):),  ((AP))=1+(:(AP)*:)  (26)

where : : indicate the normal form of the operator. Using the normal form of the
quadrature component variances squeezing can be conveniently defined by the
condition

((AQ):) <0 or (:(AP)*:)<0 (27)

Therefore, whenever the normal form of the quadrature variance is negative, this
component of the field is squeezed or, in other words, the quantum noise in this
component is reduced below the vacuum level. For classical fields, there is no
unity coming from the boson commutation relation, and the normal form of the
quadrature component represents true variance of the classical stochastic
variable, which must be positive.

The Glauber—Sudarshan P representation of the field state is associated with
the normal order of the field operators and is not the only c-number represen-
tation of the quantum state. Another quasidistribution that is associated with
antinormal order of the operators is the Q representation, or the Husimi function,
defined as

0(0) = {olplo) (28)

and in terms of this function the expectation value of the antinormally ordered
product of the field operators is calculated according to the formula

@@ ) = [ ool (e (29)

It is clear from (28) that Q(a) is always positive, since p is a positive definite
operator. For a coherent state |o), Q() = (1/m)exp (—|ot — oo|*) is a Gaussian
in the phase space {Re o, Im o} which is centered at . The section of this
function, which is a circle, represents isotropic noise in the coherent state (the
same as for the vacuum). The anisotropy introduced by squeezed states means a
deformation of the circle into an ellipse or another shape.

Generally, according to Cahill and Glauber [10], one can introduce the s-
parametrized quasidistribution function %) (o) defined as

W0 @) = LTefp 7)) (30)
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where the operator 7¢)(a) is given by

1) = - | & expl0” ~ 0DV (0 G1)
and
b0(&) = exp (5 )DLE (32)

where b(&) is the displacement operator and p is the density matrix of the field.
The operator 7*) (o) can be rewritten in the form

1) = 12 Y06 (21 ) b 33)

A s—1

which gives explicitly its s dependence. So, the s-parametrized quasidistribution
function #) (o) has the following form in the number-state basis

WO (0) = -5 pnlT) o)) (34)

where the matrix elements of the operator (31) are given by

s I’l' 2 m—n+1 S+1 n i -
wrEm =\ () () e

N

209\ e [ Aol
X exp ( 1—s>Ln (1_5‘2 (35)

in terms of the associate Laguerre polynomials L "(x). In this equation we
have also separated explicitly the phase of the complex number o by writing

o = |ofe® (36)

The phase 0 is the quantity representing the field phase.

With the quasiprobability distributions #~ (s) (o), the expectation values of the
s-ordered products of the creation and annihilation operators can be obtained by
proper integrations in the complex o plane. In particular, for s = 1,0, —1, the s-
ordered products are normal, symmetric, and antinormal ordered products of the
creation and annihilation operators, and the corresponding distributions are the
Glauber—Sudarshan P function, Wigner function, and Husimi Q function. By
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virtue of the relation inverse to (34), the field density matrix can be retrieved
from the quasiprobability function

_ Jd%x 79 (o) 979 (o) (37)

Polar decomposition of the field amplitude, as in (36), which is trivial for
classical fields becomes far from being trivial for quantum fields because of the
problems with proper definition of the Hermitian phase operator. It was quite
natural to associate the photon number operator with the intensity of the field
and somehow construct the phase operator conjugate to the number operator.
The latter task, however, turned out not to be easy. Pegg and Barnett [11-13]
introduced the Hermitian phase formalism, which is based on the observation
that in a finite-dimensional state space, the states with well-defined phase
exist [14]. Thus, they restrict the state space to a finite (¢ + 1)-dimensional
Hilbert space H'®) spanned by the number states |0), |1), ..., |oc). In this space
they define a complete orthonormal set of phase states by

16,) = Zexp inf,,)|n), m=0,1,...,c (38)

\/_

where the values of 0,, are given by

2nm
c+1

em = eO + (39)

The value of 0 is arbitrary and defines a particular basis set of (¢ + 1) mutually
orthogonal phase states. The number state |r) can be expanded in terms of the
|6,,) phase-state basis as

2) 10,) (B 2) = \/“.. m; exp (—inb,,)|0,) (40)

From Egs. (38) and (40) we see that a system in a number state is equally likely
to be found in any state |0,,), and a system in a phase state is equally likely to be
found in any number state |n).

The Pegg—Barnett Hermitian phase operator is defined as

By =3 0,10,) (0] (41)
m=0
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Of course, the phase states (38) are eigenstates of the phase operator (40) with
the eigenvalues 0, restricted to lie within a phase window between 0, and
0y + 2no/(o + 1). The Pegg—Barnett prescription is to evaluate any observable
of interest in the finite basis (38), and only after that to take the limit ¢ — oo.

Since the phase states (38) are orthonormal, (6,0} = &, the kth power
of the Pegg—Barnett phase operator (41) can be written as

Of = 6} 0,) (0 (42)
m=0

Substituting Egs. (38) and (39) into Eq. (41) and performing summation over m
yields explicitly the phase operator in the Fock basis:

on | 2n 3 exp [i(n — n')8o]|n) (| (43)

Dy =6
0 O+G+1+G+1 expliln —n')2n/(c+1)] —1

n#n'

It is readily apparent that the Hermitian phase operator dy has well-defined
matrix elements in the number-state basis and does not suffer from the problems
as those the original Dirac phase operator suffered. Indeed, using the Pegg—
Barnett phase operator (43) one can readily calculate the phase-number commu-
tator [13]

2n (n—n)expli(n — n')8y]

o+ 1 zexpliln —n)2n/(o + 1)) - 1 ln)(n'|  (44)

[0, 7] =

This equation looks very different from the famous Dirac postulate for the
phase-number commutator.

The Pegg—Barnett Hermitian phase formalism allows for direct calculations
of quantum phase properties of optical fields. As the Hermitian phase operator is
defined, one can calculate the expectation value and variance of this operator for
a given state |f). Moreover, the Pegg—Barnett phase formalism allows for the
introduction of the continuous phase probability distribution, which is a re-
presentation of the quantum state of the field and describes the phase properties
of the field in a very spectacular fashion. For so-called physical states, that is,
states of finite energy, the Pegg—Barnett formalism simplifies considerably. In
the limit as ¢ — oo one can introduce the continuous phase distribution

1
P(0) = lim 2

G—00 TC

|8l f)I* (45)

where (o + 1)/2n is the density of states and the discrete variable 6,, is
replaced by a continuous phase variable 6. In the number-state basis the
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Pegg—Barnett phase distribution takes the form [15]

P(0) = % {1 +2Re S pexpl—i(m — n)e]} (46)

m>n

where p,,, = (m|p|n) are the density matrix elements in the number-state basis.
The phase distribution (46) is 2m-periodic, and for all states with the density
matrix diagonal in the number-state basis, the phase distribution is uniform over
the 2n-wide phase window. Knowing the phase distribution makes the calcula-
tion of the phase operator expectation values quite simple; it is simply the
calculation of all integrals over the continuous phase variable 8. For example,

0p+27
(Flh 1) = L 40 0°P(0) (47)

When the phase window is chosen in such a way that the phase distribution is
symmetrized with respect to the initial phase of the partial phase state, the phase
variance is given by the formula

((Adg)?) = L d0 02P(0) (48)

For a partial phase state with the decomposition

1) = bue™|n) (49)
the phase variance has the form
(b)) = 1 43 b,b =0 (50)
0) ) =5 nbOk———=
3 n>k (n - k)z

The value 12 /3 is the variance for the uniformly distributed phase, as in the case
of a single-number state.

On integrating the quasiprobability distribution ¥~ <“>(oc), given by (34), over
the “radial” variable |o|, we get a “phase distribution” associated with this
quasiprobability distribution. The s-parametrized phase distribution is thus
given by

PU)(B) = dem WO @) (51)
0
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which, after performing of the integrations, gives the formula similar to the
Pegg—Barnett phase distribution

m>n

1 .
P (0) = > { 1 4+ 2Re Z pome OGE) (1, n)} (52)

The difference between the Pegg—Barnett phase distribution (46) and the
distribution (52) lies in the coefficients G*)(m,n), which are given by [16]

2 (m+n)/2 min(m,n) 1 1

1—=s =

X\/(n)(m) F(mzn_lH) (53)

N1\ fim=(n—1)!

The phase distributions obtained by integration of the quasidistribution func-
tions are different for different s, and all of them are different from the Pegg—
Barnett phase distribution. The Pegg—Barnett phase distribution is always
positive while the distribution associated with the Wigner distribution (s = 0)
may take negative values. The distribution associated with the Husimi Q
function is much broader than the Pegg—Barnett distribution, indicating that
some phase information on the particular quantum state has been lost. Quantum
phase fluctuations as fluctuations associated with the operator conjugate to the
photon-number operator are important for complete picture of the quantum
noise of the optical fields (for more details, see, e.g., Refs. 16 and 17).

III. SECOND-HARMONIC GENERATION

Second-harmonic generation, which was observed in the early days of lasers [18]
is probably the best known nonlinear optical process. Because of its simplicity
and variety of practical applications, it is a starting point for presentation of
nonlinear optical processes in the textbooks on nonlinear optics [1,2]. Classi-
cally, the second-harmonic generation means the appearance of the field at
frequency 2m (second harmonic) when the optical field of frequency
(fundamental mode) propagates through a nonlinear crystal. In the quantum
picture of the process, we deal with a nonlinear process in which two photons of
the fundamental mode are annihilated and one photon of the second harmonic is
created. The classical treatment of the problem allows for closed-form solutions
with the possibility of energy being transferred completely into the second-
harmonic mode. For quantum fields, the closed-form analytical solution of the



14 RYSZARD TANAS

problem has not been found unless some approximations are made. The early
numerical solutions [19,20] showed that quantum fluctuations of the field
prevent the complete transfer of energy into the second harmonic and the
solutions become oscillatory. Later studies showed that the quantum states of
the field generated in the process have a number of unique quantum features
such as photon antibunching [21] and squeezing [9,22] for both fundamental
and second harmonic modes (for a review and literature, see Ref. 23). Nikitin
and Masalov [24] discussed the properties of the quantum state of the
fundamental mode by calculating numerically the quasiprobability distribution
function Q(a). They suggested that the quantum state of the fundamental mode
evolves, in the course of the second-harmonic generation, into a superposition
of two macroscopically distinguishable states, similar to the superpositions
obtained for the anharmonic oscillator model [25-28] or a Kerr medium [29,30].
Bajer and Lisonék [31] and Bajer and Pefina [32] have applied a symbolic
computation approach to calculate Taylor series expansion terms to find
evolution of nonlinear quantum systems. A quasiclassical analysis of the second
harmonic generation has been done by Alvarez-Estrada et al. [33]. Phase
properties of fields in harmonics generation have been studied by Gantsog et
al. [34] and Drobny and Jex [35]. Bajer et al. [36] and Bajer et al. [37] have
discussed the sub-Poissonian behavior in the second- and third-harmonic
generation. More recently, Olsen et al. [38,38] have investigated quantum-
noise-induced macroscopic revivals in second-harmonic generation and criteria
for the quantum nondemolition measurement in this process.

Quantum description of the second harmonic generation, in the absence of
dissipation, can start with the following model Hamiltonian

H= [:10 + 1211 (54)
where
Ho = hoaa + 2hobth, = ik (a*h™ + a*b) (55)

and a (@), b (E*) are the annihilation (creation) operators of the fundamental
mode of frequency ® and the second harmonic mode at frequency 2w,
respectively. The coupling constant k, which is real, describes the coupling
between the two modes. Since Ho and H1 commute, there are two constants of
motion: Hy and H;, Hy determines the total energy stored in both modes, which
is conserved by the interaction H;. The free evolution associated with the
Hamiltonian Hy leads to a(r) = a(0)exp (—iwr) and b(r) = b(0)exp (—i2wt).
This trivial exponential evolution can always be factored out and the important
part of the evolution described by the interaction Hamiltonian Hj, for the slowly
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varying operators in the Heisenberg picture, is given by a set of equations

d . 1. I
aa(l) = E[ JHy) = =2ixa™ (1)b(1)

d | QPR =
EHﬂ—EwﬂHZﬂmﬂﬂ (56)

where for notational convenience we use the same notation for the slowly
varying operators as for the original operators — it is always clear from the
context which operators are considered. In deriving the equations of motion (56),
it is assumed that the operators associated with different modes commute, while
for the same mode they obey the bosonic commutation rules (4).

Usually, the second-harmonic generation is considered as a propagation
problem, not a cavity field problem, and the evolution variable is rather the path
z the two beams traveled in the nonlinear medium. In the simplest, discrete two
mode description of the process the transition from the cavity to the propagation
problem is done by the replacement = —z/v, where v denotes the velocity of
the beams in the medium (we assume perfect matching conditions). We will use
here time as the evolution variable, but it is understood that it can be equally
well the propagation time in the propagation problem. So, we basically consider
an idealized, one-pass problem. In fact, in the cavity situation the classical field
pumping the cavity as well as the cavity damping must be added into the simple
model to make it more realistic. Quantum theory of such a model has been
developed by Drummond et al. [39,40]. Another interesting possibility is to
study the second harmonic generation from the point of view of the chaotic
behavior [41]. Such effects,however, will not be the subject of our concern here.

A. Classical Fields

Before we start with quantum description, let us recollect the classical solutions
which will be used later in the method of classical trajectories to study some
quantum properties of the fields. Equations (56) are valid also for classical fields
after replacing the field operators a and b by the c-number field amplitudes o
and B, which are generally complex numbers. They can be derived from the
Maxwell equations in the slowly varying amplitude approximation [1] and have
the form.

4 o (6) = ik (0B(1)

d )
S B() = —ixo2() (57)

For classical fields the closed-form analytical solutions to equations (57) are
known. Assuming that initially there is no second-harmonic field (B(0) = 0),
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and the fundamental field amplitude is real and equal to o(0) = o the solutions
for the classical amplitudes of the second harmonic and fundamental modes are
given by [1]

a(r) = agsech (V2 agkr)

B(1) = % tanh (v/2 oo t) (58)

The solutions (58) are monotonic and eventually all the energy present initially
in the fundamental mode is transferred to the second-harmonic mode.

In a general case, when both modes initially have nonzero amplitudes, oy # 0
and B, # 0, introducing o = |o|e’®s and B = |B|e®, we obtain the following set
of equations:

d
— o] = =2 inY
[0] = 2« Bl sin

d
1Bl = K|ot|* sin)

d oo
—=x|———-4 cost
y (w IBI>

d

%d)” = —2«|B|cos?d

d o

Eq)b = *KW cos? (59)

where ¥ = 2¢, — ¢,,. The system (59) has two integrals of motion
Co=Ilaf +2B]*,  Cr = |of’|B|cos¥ (60)

which are classical equivalents of the quantum constants of motion Hy and H,
(Cy = <Ho>, C; = (1:11)). Depending on the values of the constants of motion C
and Cj, the dynamics of the system (59) can be classified into several cate-
gories [42,43]:

1. Phase-stable motion, C; =0, in which the phases of each mode are
preserved and the modes move radially in the phase space. The phase
difference ¥ is also preserved, which appears for cos? =0 and
¥ = +mn/2. The solutions (58) belong to this category.

2. Phase-changing motion, C; # 0, in which the dynamics of each mode
involves both radial and phase motion. In this case both modes must be
initially excited and their phase difference cannot be equal to +m/2.



QUANTUM NOISE IN NONLINEAR OPTICAL PHENOMENA 17

3. Phase-difference-stable motion, which is a special case of the phase-
changing motion that preserves the phase difference ¥ between the modes
even though the phases of individual modes change. This corresponds to
the no-energy-exchange regime when sint = 0 and the initial amplitudes
of the modes are preserved.

Introducing new (scaled) variables
g = |oe|/+/Co, up = V2[B|/\/Co, W, +uy =1 (61)
T=+/2Cyxt (62)

the set of equations (59) can be rewritten in the form

d
aua = —u,upsind
gub = ui sin?}
d 2
— = (ﬁ — 2ub> cos?}
dt up
d
Ed)“ upcost
d u?
%d)b = fu—bcosﬁ (63)

Solutions to the set of equations (63) describe the evolution of the fields with the
fundamental as well as second-harmonic frequencies.
From (60) we have

where the constant of motion € is defined by

€= % = 12(0)uy (0) cos¥(0) (65)
0

From (63) and (64) one easily obtains the closed-form equations for the
intensities n, = ui and n;, = ui of the two modes

dn, dn, 5 )
dt = E =2 n})(l nh) € (66)
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where n, = 1 — n,. Since the normalized variable n, must be less, than or equal
to unity, the maximum value that can be obtained by €? is equal to % (for

cost = 1). From (66) we immediately obtain

dnb

2dt = (67)
(1 —ny)* — €2
which can be integrated, giving
d
2t = J il (68)
n;,(l — n;,)z — €2

For € = 0, the integral on the right-hand side (r.h.s.) of (68) is elementary and
has the form

dnb _nl+\/fl_b
J nb(l—nb)zil - (69)

In this case we get the well-known classical solution for the intensity of the
second harmonic[1]

ny(t) = tanh® 1 (70)

which is a monotonic function of the scaled time t = \/2Cokt. For € # 0
(C; #£0), the rh.s. of (68) is not elementary and the character of solution
depends on the roots of the third order polynomial under the square root.
Depending on the value of

A:ez<e2—%> (71)

the polynomial has three different real roots (A < 0) and two real roots, one of
which is double (A = 0). The third case with A > 0, in which the polynomial
has one real root and two complex conjugate roots, is excluded on physical
grounds since €% < 5.

In case of three different real roots ny; < ny < nps (A <0 or € < ), we
can effect a substitution

ny = np1 + (n/,z — nbl)sinzd) (72)
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which leads to the elliptical integral

d 2 d
|[—2—- [— 73)
\/nb(l )P e Vs = np1 ) (/1 — k2sin2¢
where
2 = 2 = (74)
np3 — Np1
and we get from (68) and (73)
V T J ds (75)
np3 —Np| T= | —F———
P T T esing
Using the definitions of the Jacobi elliptic functions we have
sind = sn (/3 — npr T | kz) (76)

and inserting (76) into (72) we obtain the solution

I’lb(‘L‘) =np + (l’lbz — l’lbl) Sn2<\/l’lb3 —np T | k2) (77)

where sn is the Jacobi elliptic function sinusamplitude. The solution (77) is a
periodic function of the scaled time t with the period depending on the value of
k2. This means that even very small € makes the solution periodic. The values of
np(t) are restricted to the region between the two smallest roots of the third
order polynomial n,; < n,(t) < nyy. To illustrate the behavior of the classical
solutions, we plot in Fig. 1 the time evolution of the intensities of the two
modes, n,(t) and ny (1), for the case when the second-harmonic mode is initially
weak with respect to the fundamental mode (n,(0) = 0.001) and the initial
phases are both zeros (¢,(0) = ¢,(0) = 0). In this case the constant of motion
€ = 0.0316. We see the regular periodic oscillations of the two intensities.

In the limiting case, for which k = 1, we have n,; = 0, ny = n3 = 1, and
sn(x| 1) = tanh(x) which is the phase-stable motion case and reproduces the
classical result (70). The other limiting case appears when k = 0, which
corresponds to the situation with €* =55 or |oe|* = 4|B|? (np1 = np =1,
np3 = ‘3—‘) This is the phase-difference stable motion, or no-energy-exchange,
case in which the solution is constant n,(1) = % This case has been discussed by
Bajer et al. [36]. Thus the two extreme cases, k = 1 and k = 0, of the general
solution (77) correspond to the phase-stable and phase-difference-stable



20 RYSZARD TANAS

0.9¢f
0.81
0.7}
0.6}
0.5¢

N (1), Ny(T)

l
\ 1 \ | \ 1
0.4 | I \
I
0.3 \ 1 \ | \
1 \ [
0.2} \ I \

l \ ’
0.1} \ / \ \

Figure 1. Intensities n,(t) (dashed line) and n, () (solid line) of the fundamental and second-
harmonic modes for 1,(0) = 0.001, ¢,(0) = ¢,(0) =0 (e = 0.0316).

motions in the phase space and they are special cases of the general case of the
phase changing motion of the system.

The solution (77) for radial variables u,(t) = \/n,(t) and u,(t) = /np(7)
must be supplemented with the corresponding solution for the phase variables
d,(t) and ¢, (1) in order to find the trajectory in the phase space. The equations

governing the evolution of the individual phases of the two modes can be
rewritten in the form

d € d €
dt P = n,’ dt & = n, (78)
where € is given by (65). Of course, in the phase-stable regime (e = 0) both
phases individually, and obviously the phase difference ¥, are preserved. In
Fig. 2 we have shown the evolution of the phases for the case of weak initial
excitation of the second-harmonic mode. The initial values are same as in Fig. 1.
Comparing Fig. 1 with Fig. 2, it is seen that there is a jump of the phase ¢,(t)
by ©/2 whenever the intensity n,(t) reaches its minimum and a jump by © of
the phase ¢,(t) when n(t) reaches its minimum. The phase difference
¥(t) = 2¢,(t) — dp(1) jumps between the values +m/2. To plot these figures,
we have solved numerically the set of equations (63).
Solutions of equations (66) and (78), or equivalently the set (63), for given
initial values describe the deterministic trajectories in the phase space for both
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Phases

-10

Figure 2. Evolution of the individual phases ¢,(t) (dashed line), ¢, (t) (solid line), and the
phase difference (1) (dashed—dotted line). Initial values are same as in Fig. 1.

modes, the mode at frequency ® and the mode at frequency 2w, in a general case
of the system that describes coupling of the two modes via the x®) nonlinearity.
It is a matter of initial conditions whether we have a purely second-harmonic
generation case [n,(0) =0, n,(0) =1] or a purely downconversion case
[7,(0) = 0, np(0) = 1]. It is clear from (63) that for the purely downconversion
regime [u,(0) = 0] the classical description does not allow for generating signal
at the fundamental frequency from zero initial value. The quantum fluctuations
are necessary to obtain such a signal. In a general case both processes take place
simultaneously and compete with each other. If the initial amplitudes are well
defined, that is, there is no classical noise, the amplitudes at time T are also well
defined. For quantum fields, however, the situation is different because of the
inherent quantum noise associated with the vacuum fluctuations. Some quantum
features, however, can be simulated with classical trajectories when the initial
fields are chosen as random Gaussian variables with appropriately adjusted
variances, and examples of such simulations will be shown later.

B. Linearized Quantum Equations

Assuming that the quantum noise is small in comparison to the mean values of
the field amplitudes, one can introduce the operators

Na=a—{a), Ab=b—(b) (79)
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which describe the quantum fluctuations. On inserting the fluctuation

operators (79) into the original evolution equations (56) and keeping only the
linear terms in the quantum fluctuations, we get the equations

%A& — _2ic(Aat(B) + (") Ab)
%Ai) = —2ik{a)Aa (80)

where (@) and (b) are the solutions for the mean fields and can be identified with
the classical solutions. With the scaled variables (61) and (62) we can rewrite
equations (80) in the form

d , o
%A& = —i(Adtuy e + V2 u, e % Ab)

d - .

S Ab = —iv2u, e Aa (81)

where u, = u,(1), up = up(7), ¢, = d,(7), and ¢, = ¢, (t) are the solutions of
classical equations (66) and (78).

The analysis becomes easier if we introduce the following quadrature noise
operators [44,45] (for further comparisons, we adjust the phase in quadrature
definitions for the second harmonic mode in such a way as to take into account
that 9 = 2¢, — ¢, = 1/2)

AQy(1) = i[Ab(1)e ) — AbT (1) (V)] (82)

for which we get from (81) the following set of equations:

%AQG = —AQaub sind — 2APu, costd
— AP,V2u,sind — AQ;,\/Euacosﬁ
%Af’a = APy sint — APyv/2 u, cos?d

+ AQpV2 u, sin® (83)
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%Aﬁb = AQa\/Eua sint + AP, V2 u, cosd

~ u2
+ AQp -2 cosv
up

%AQ;, = AQa\/Eua cos® — AP, V/2 u,sindd
2

AU
— AP, -2 cost
u,

In the case of pure second-harmonic generation, that is, for u,(0) =0 and

u,(0) = 1, we have from (59) that cos® = 0 or ¢ = £n/2, which implies that,
according to (77) for k = 1, the scaled intensities obey the equations

uy(t) = sechrt, up(t) = tanht (84)

Inserting ¥ = m/2 and the solutions (84) into (83), we arrive at the following
system of equations:

j—TAQu = —AQ,tanht — AP,v/2 secht

d . o

— AP, = AQa\/E secht

dt

d . . . R

aAPa = AP, tanht + AQ;,\/E secht

d . . R

%AQ;, = —AP,V/2 secht (85)

which shows that the quadratures AQ[, and APb of the two modes are coupled
together independently from the quadratures AP, and AQ,. This splits the
system (85) into two independent subsystems. It was shown by Ou [44] that the
two systems can be solved analytically, giving

AQq4(t) = AQ4(0)(1 — ttanh t) sech T — AP, (0)v/2 tanh T secht

AP, (1) = AQ,(0) \/LE (tanh T + tsech? 1) + AP,(0) sech®t

AP, (1) = AP,(0) secht + AQ,(0) % (sinht + T sech)

AQy(t) = —AP,(0)V2 tanh t + AQ,(0)(1 — 1 tanh ) (86)
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Now, assuming that the two modes are not correlated at time t =0, it is
straightforward to calculate the variances of the quadrature field operators and
check, according to the definition (12), whether the field is in a squeezed state. If
the initial state of the field is a coherent state of the fundamental mode and a
vacuum for the second-harmonic mode, |{,) = |u,(0))|0), for which we have

([AQ.(0)]%) = ([ACH(0)) = ([APL(0)]*) = ([AP,(0)) =1 (87)

the variances of the two quadrature noise operators are described by the
following analytical formulas [44,45]:

([AQa(r)]2> = (1 — ttanh 1)2 sech? T + 2 tanh® T sech’t
<[Af’a(r)]2> — sech?t + % (sinht + T sech ‘C)2
<[AQb(’t)]2> =2 tanh’ 1 4 (1 — 7 tanh 1)2

([APb(r)]2> = % (tanhr + Tsech? r)2+sech4 T (88)

The solutions (88) clearly indicate that the quantum noise present in the initial
state of the field, which represents the vacuum fluctuations, undergoes essential
changes due to the nonlinear transformation of the field as both modes
propagate in the nonlinear medium. As T — oo, we have tanht — 1,
secht — 2¢™%, and sinht — ¢7/2, which gives ([AQ,(1)]*) — 4t2e 2,
([AQL(D)]P) — 12 ([AP(T)]?) — €*/8, and ([APy(1)]*) — L. According to
the definition of squeezing (12), we find that the quadratures Q. and P;, become
squeezed as T increases while the other two quadratures, Pa and Qb, are
stretched. For very long times (lengths of the nonlinear medium) the noise in
the amplitude quadrature of the fundamental mode is reduced to zero (perfect
squeezing), while for the second-harmonic mode it approaches the value % (50%
squeezing). Quantum fluctuations in the other quadratures of both modes
explode to infinity as T goes to infinity. Of course, we have to keep in mind
that the results have been obtained from the linearized equations that require
quantum fluctuations to be small. In Fig. 3a we have shown the evolution of the
quadrature variances ([AQ4(1)]?) and ([AP,(t)]*) exhibiting squeezing of
quantum fluctuations in both fundamental and second harmonic-modes. With
dotted lines the classical amplitudes of the two modes are marked for reference.
The value of unity for the quadrature variances sets the level of vacuum
fluctuations (coherent states experience the same fluctuations), and we find
that indeed the quantum noise can be suppressed below the vacuum level in the
amplitude quadrature ([AQ.(t)]?) of the fundamental mode and the phase
quadrature ([AP(1)]*) of the harmonic mode. It becomes possible at the
expense of increased fluctuations in the other quadratures as to preserve the
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Quadrature variances

Uncertainty products

Figure 3. (a) Variances ([AQ,I(‘I:)]Z) (dashed line) and ([Apa(t)]2> (solid line) [for reference,
the amplitudes u,(t) and u,(t) are marked with dotted lines]; (b) uncertainty products.

validity of the Heisenberg uncertainty relation (9). We have
([AQu(M)N[APL(D]) = (A0 (1) ){[AP (1))
= sech?(t)[2tanh? T + (1 — Ttanh )]

1
x |sech®t + 3 (sinh T + Tsecht)? (89)
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and as T — oo both uncertainty products are divergent as 1> /2. The evolution of
the uncertainty products is illustrated in Fig. 3b. Since, except for the initial
value, the value of the uncertainty product is larger than unity, the quantum
states produced in the second-harmonic generation process are not the minimum
uncertainty states.

The linear approximation to the quantum noise equations presented in this
section shows that even in linear approximation the inherent property of
quantum fields — the vacuum fluctuations which are ubiquitous and always
present — undergo essential changes when transformed nonlinearly. The lineari-
zed solutions suggest that perfect squeezing (zero fluctuations) is possible in the
fundamental mode for long evolution times (long interaction lengths). This
means that one can produce highly nonclassical states of light in such a process.
Later we will see to what extent we can trust in the linear approximation.

C. Symbolic Calculations

The linear approximation with respect to quantum noise operators, which
assumes that the mean values of the fields evolve according to the classical
equations and the quantum noise represents only small fluctuations around the
classical solutions is a way to solve the operator equations (56). Another
alternative is to use Taylor series expansion of the operator solution and make
the short time (or short length of the medium) approximation to find the
evolution of the quantum (operator) fields. This approach has been proposed by
Tanas$ [46] for approximate calculations of the higher-order field correlation
functions in the process of nonlinear optical activity and later used by
Kozierowski and Tana$ [21] for calculations of second order correlation
function for the second-harmonic generation. Mandel [9] has used this approach
to discuss squeezing and photon antibunching in harmonic generation. When
doing calculations with operators it is crucial to keep track of the operator
ordering and use the commutation relations to rearrange the ordering. This
makes the calculations cumbersome and error-prone. The first calculations were
performed by hand, but now we have computers that can do the job for us. The
computer symbolic calculations of the subsequent terms in a series expansion
have been performed by Bajer and Lisonék [31] and Bajer and Pefina [32].
Bajer and Lison¢k [31] have written their own computer program for this
purpose (about 3000 lines of code in Turbo Pascal). We want to show here how
to do the same calculations with the freely available version of the computer
program FORM [47] with only few lines of coding (see Appendix A).

The main idea of the approximate symbolic computations is based on the
series expansion of any operator O(t) into a power series

o0 tkdk

o) k' dtk -0

(90)
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where the subsequent derivatives are obtained from the Heisenberg equations of

motion

o= [0, H] (91)
iRt

SIES

where H is the Hamiltonian. The higher derivatives are obtained recursively
from (91), and the resulting expansion takes the form [31]

)+ i (zh) o (92)

where

Dy = [Dkflafi] = [[[O(O)vﬁLf{]?aH] (93)

is the kth-order commutator with Dy = O(0).

Implementing the algorithm sketched above in the computer symbolic
manipulation program FORM, as exemplified in Appendix A, and applying
the method to the second-harmonic-generation (SHG) process, which is de-
scribed by the interaction Hamiltonian H; given by (55), one can easily
calculate subsequent terms of the series (92). Restricting the calculations to
the fourth-order terms, we get

a(r) = a—2i(xt)a*h — (x1)*(a*a* — 2ab*h)

2 o o A ~
-3 i(xt)’ (2a°b" — 3a*%ab + 2a" bt B — a*b)
1 R . a A
+ 5( k1)t (5a+2a + 8a3b? — 284t a’hth + 4ab b
+ata® — 20abtb) + (94)

b(r) = b — i(xk1)a® — (x1)* (24" ab + b)

—

+ - i(x1)} (267 @ — 4aPbTh + 40 + &)

w

1 o
+ 6( «1)*(2a"2a%b — 4atbt — 16a* ab* b?

+8atab — 8b"b* +b) + - (95)

where the operators on the r.h.s. of equations (94) and (95) are at time t = 0. We
can see that the terms that are of kth power in ¢ contain the operator products
that are of the k 4 1 order as well as the products that are of the order k — 1,



28 RYSZARD TANAS

k —3,.... The latter products appeared as a result of application the bosonic
commutation relations (4) for the operators of the two modes, and these terms
represent purely quantum contributions that would not appear if the fields were
classical. For classical fields, only the highest-order products survive. The
quantum noise contributions appear in terms ~ > and higher in the expansion
(94) for the fundamental mode operators and in terms ~ ¢> and higher in the
expansion (95) for the second harmonic mode operators. However, for the initial
conditions representing the purely second-harmonic generation process, speci-
fically, under the assumption that the harmonic mode is initially in the vacuum
state such that b|0> = 0, we can drop all the terms containing operators borb*
because they give zero due to the normal ordering of the operators. Assuming,
moreover, that the pump beam is in a coherent state |o) we find the following
expansions for the mean values of the operators a(¢) and I;(t) [7]

(@0 = 301 = 0Pl + g (03P’ + ) +

(b(1)) = —io [(Kt) f% (k1)* 2loto]* + 1) + -- } (96)

or in the normalized variables (61) and scaled time (62), we have

. 5 1
1a(t) = 1y (0)e®e(©) 1——+—T 1+ +-e
() () 2 24 5|OC()|2

3 1
= I+—— ]+
3 2ot

On neglecting the quantum noise terms, ~ 1/ |oc0|2, one can easily recognize
in (97) the first terms of the power series expansions of sech t and tanh t, which
are the classical solutions. When |oc0|2 > 1, the quantum noise introduces only
small corrections to the classical evolution of the field amplitudes. It is also seen
that the phase of the second harmonic field is phase-locked so as to satisfy
9 =20, — b, = 1/2.

We can thus expect from the short-time approximation that quantum noise
does not significantly affect the classical solutions when the initial pump field is
strong. We will return to this point later on, but now let us try to find the short-
time solutions for the evolution of the quantum noise itself—Iet us take a look
at the quadrature noise variances and the photon statistics. Using the operator
solutions (94) and (95), one can find the solutions for the quadrature operators Q
and P as well as for Q2 and P2. It is, however, more convenient to use the
computer program to calculate the evolution of these quantities directly. Let us
consider the purely SHG process, we drop the terms containing b and b after
performing the normal ordering and take the expectation value in the coherent

(1) = 11(0)2e 20 0)-/2) (97)
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state |op) of the fundamental frequency mode, and in effect we arrive at

(@20 = 1+ 2000 + o8 +
— (xt)” [4loo|* + (2ol + 1)(95 + 3?)|

4
t
+ % [32|oco|6 16 |* + (16|oc0|4
+ 8o + 1) (o + cxg)} 4
(B2(0)) = 1+ 2o — (53 + )
— (xt)? (4ol = (2o’ + (a3 + o?)|
(xt)*
6
+ 8o + 1) (o2 + )] + -+
(O30 = 1+ (k0 (2l — (04 +95)) -

ool = (ool + 1)(a5 + )] + -

+ [3z|a0|6 16" — (16|oc0|4

4
3

(P3(e)) = 1+ (st (2ol 4+ o+ 05 — 3 ()* 2l

ol + (a0l + 1) (05" + )| + -+

From equations (98) and (96) we obtain formulas for the field variances

{[AQu(N]%) = 1 — (k1) (o + )

1
50 2ol + (ool + ) (8 +557) +

1 1
=1-—1%cos2 —t1+ (1
T°cos ¢a+2t{+< ten

a

([APL(O) = 1+ (k1) (o + o)

) (2 = (Il + ) 03 + o2

1 1
= 2 —_ 4 —_— ...
=1+ 1°cos2¢, +2r {1 <1 +6Na> cosZcba} +
A 2 4
(A1) = 145 (k1) (6 4 05") 4+ = 1+ T cosdb, +- -
2 4

(APSOF) = 1= S (6 (o + 057) 4+ = 1= 5 cosdpy + -+

(xr)* 2l

Jeos2a, |+

29

(98)

(99)
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It is easy to check, assuming ¢, = 0, that the series expansion of the linearized
solutions (88) agrees with (99) up to the leading terms, but in the higher-order
terms there are already differences between the two solutions. Since the latter
solutions are exact up to the fourth order, they show restricted applicability of
the linearized solutions. We see that the quadratures ([AQ,(1)]*) and ([AP,(1)]?)
become smaller than unity, showing squeezing, while the other two quadratures
grow above unity.

The symbolic calculations using a computer allows for easy derivation of the
approximate formulas for any operators for the two modes. Beside squeezing it
is interesting to study the variance of the photon number operator for both
modes in order to look for a possibility of obtaining the sub-Poissonian photon
statistics in the process of second-harmonic generation. Let us calculate
approximate formulas for the mean number of photons and the second order
correlation function. Again, assuming initial conditions for pure second har-
monic generation, [\s,) = |0, 0) with |a|* = N,,, we have for the mean number
of photons

(@%a)(1) = ooP [ 1 — 206l + & 0o (2l + 1)+ -
(B*6)(0) = o (60" = 5 060 2o 4 1) 4.+ (100)

or in the scaled variables (61) and (62) Eqs. (100) take a very simple form

2 1
%quan:1_¥+3#Q+QN)+n-

>+--- (101)

which explicitly shows the quantum noise contributions coming from the
vacuum fluctuations.
The second order correlation functions can be obtained in the same manner
giving
(@*2a) (1) = lool* [1 = 200 oo + 1)
4 4 4 2
+ §(Kt) (7|O€o| + 8‘0(()| + 1) e

6280 = Jaal® [(m)“ =S a4 1) + - ] (102)



QUANTUM NOISE IN NONLINEAR OPTICAL PHENOMENA 31

and combining equations (100) and (102) we obtain
4
(@) (1) — (a*a)* (1) = =2(xt)*|ow[* + 3 (xt)"*|oto * (6]t + 1) +
alon ala 4
(BD) (1) — (bTb)* (1) = —3 (xt)°lotg* + - - (103)

The results (103), obtained first by Kozierowski and Tanas$ [21], explain a very
important property of the second harmonic generation, that is, the appearance of
the sub-Poissonian photon statistics, which is an effect of quantum properties of
the fields. The leading terms in (103) are negative, indicating, according to (18)
and (19), that the photon statistics in both modes becomes sub-Poissonian at the
initial stages of the evolution. The computer software now makes the calcula-
tions of this kind almost trivial and less error-prone. However, the results that
we obtain in this way are just few terms of the power series expansion that
properly describe the evolution of the system only at the initial stages of the
evolution. The results can be improved by taking into account more and more
terms of the expansion [31,32], but the long-time behavior cannot be predicted
with such methods.

Some conclusions about the role of quantum noise in the long-time behavior
of the solutions for the SHG process can be drawn by closer inspection of the
operator equations of motion for the number of photon operators and their
approximate solutions for the expectation values [38,48]. From the equations of
motion (56) it is easy to derive the equations for the number of photons
operators N, = a*a and N, = b*b in the form

d . d . PPN
-2 dtN;, TN = —2ix(a*t?b — a*b") (104)
and taking the derivative of the operator on the r.h.s. of Eq. (104) (again the
symbolic manipulation program makes it easy), we get the second-order
differential equation

d . d . T - .
TaNa= 22N, = —4« [Na(Ng = 1) — 4NNy — 2N, (105)

and taking into account that Na + 2]% = é‘o is a constant of motion, we find

d2

e (2Ny) = 4x*[3(2N})* — Co(1 4 4(2N,) + C2] (106)

This second-order equation cannot be solved exactly because it contains
operators Nﬁ and N,Cy, which, in turn, obey their own equations of motion
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and we come into an infinite hierarchy of equations. However, if we neglect the
correlations and take

(N) = (N,)?, (NoCo) = (Ny)(Co) (107)

and introduce the normalized intensity n, = 2(N;)/Co and the scaled time
T = v/2Cy kt with Cy = (Cp), we obtain the equation for the mean value of the
normalized intensity n, in the form

d2

1
ﬁnb:2[3ni—4nb+1—c—] (108)

0

This is the second-order differential equation, which reminds us of the equation
for a particle moving under the action of a force, and the force can be derived
from a potential. There is a quantity that is conserved during this motion, and
we can write

2
R

where € = 1/C is the term representing the quantum noise contribution (it
comes from application of the commutation rules to the field operators). The
quantity in the square brackets can be considered as the total energy of a
“particle” at position np, with the kinetic energy 3 (dny/ dt)? and the potential
energy V = —2n,[(1 — ny)? — €]. The potential energy is shown in Fig. 4. The
potential represents a well in which the particle will oscillate exhibiting fully
periodic behavior. From Eq. (109) we get

%:2\/%(1 —mp)* — mp€’ (110)
Comparing Eq. (110) with Eq. (66), we find that both equations have extra terms
(the € or € terms) which make the solutions oscillatory, but the physical reason
for oscillations is different in both cases. In Eq. (66) different from zero € comes
from the nonzero initial value of the second-harmonic mode intensity, while in
Eq. (110) the nonzero value of € comes from the quantum noise. We can
interpret this fact in the following way. It is the spontaneous emission of
photons, or vacuum fluctuations of the second harmonic mode, that contribute to
the nonzero value of the initial intensity of the second harmonic mode and lead
to the periodic evolution. This means that the very small quantum fluctuations
can cause macroscopic effects, such as quantum-noise-induced macroscopic
revivals [38], in the nonlinear process of second-harmonic generation.
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Figure 4. Plot of the pseudopotential curve for € = 0.01.

A procedure similar to that used to solve equation (66) can be applied to
solve equation (110). Again, the solution is given by the Jacobi elliptic
functions. The third-order polynomial under the square root on the r.h.s.
of (110) has the roots

nb1:0, nbzil—\/g, nb3:1+\/g (111)

and the solution has the form

nb(r)z\/1—\/«?sn2(\/1+\/?r|k2) (112)

k2:1—\/§
1+ Ve

The results have been recently obtained by Olsen et al. [38], and they show that
even for almost vanishingly small €, which is inversely proportional to the
initial mean value of the number of the pump mode photons, usually very large,
the quantum fluctuations have huge macroscopic effect on the system dynamics.
It is evident that the quantum noise, which is always present, is responsible for
the oscillations between the two regimes of second-harmonic generation and
downconversion. The period of oscillation is becoming infinite as € vanishes.

where

(113)
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The solution (112) is fully periodic, but it does not allow for the complete
transfer of energy from the fundamental to the second harmonic mode. The
maximum that can be achieved by u, is equal to \/1 — /€. We have to
remember, moreover, that the solution (112) has been obtained with the
decorrelation (107), and it is only an approximate solution.

D. Numerical Methods

When analytical solutions are not known and the approximate analytical
methods give results of limited applicability, the numerical methods may be a
solution. Let us first discuss a method based on the diagonalization of the
second-harmonic Hamiltonian [48,49]. As we have already said, the two parts of
the Hamiltonian H, and H; given by (55), commute with each other, so they are
both constants of motion. The H, determines the total energy stored in both
modes, which is conserved by the interaction H,. This means that we can factor
the quantum evolution operator

—iHt —iHot —iH;t
exp( ; ):exp( lh())exp( lﬁ’) (114)

If the Fock state basis is used to describe the field state, we find, for the initial
state |n,0) = |n)|0) with n photons in the fundamental mode and zero photons
in the second harmonic mode, that the Hamiltonian Hy splits the Hilbert space
into orthogonal sectors. Since Hy is a constant of motion, we have for a given
number of photons n the relation

(a*a) +2(b*h) =n (115)

which implies that the creation of k photons of the second-harmonic mode
requires annihilation of 2k photons of the fundamental mode. Thus, for given n,
we can introduce the states

Y = |n — 2k, k) | k=0,1,---,[§} (116)

where [n/2] means the integer part of n/2, which form a complete basis of states
of the field in the sector with given n. We have

W) = BB (117)

which means that the subspace with given n has [n/2] + 1 orthogonal states. In
such a basis the interaction Hamiltonian H; has the following nonzero matrix
elements

WL Y = (W ) = (DY = (DL,
= hik\/(k + 1)(n — 2k)(n — 2k — 1) (118)
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which form a symmetric matrix of dimension ([n/2] + 1) x ([n/2] + 1) with
real nonzero elements (we assume that K is real) that are located on the two
diagonals immediately above and below the principal diagonal. Such a matrix
can easily be diagonalized numerically [49]. To find the quantum state
evolution, we need the matrix elements of the evolution operator. Since the
evolution due to the Hamiltonian H, at each sector of the Hilbert space with
given n introduces only a constant phase factor exp (—inwt), we will drop this
factor in our calculations and calculate the state at time ¢ according to the
formula

lH]l

) = exp () o) (119)

where |/(0)) is the initial state of the field. In each subspace of the Hilbert space
we can calculate the matrix elements of the evolution operator

en() = (U [ex (’H”)|w<”> (120)

by diagonalizing the Hamiltonian matrix (118). If the matrix U is the unitary
matrix that diagonalizes the interaction Hamiltonian matrix (118)

U H"U = hic diag (ho, M1, -+ Auja)) (121)

then the coefficients ¢, x(¢) can be written as

[n/2]

cni(t) =Y e "M UZU, (122)
Jj=0

where A, are the eigenvalues of the interaction Hamiltonian in units of /ix. Of
course, the matrix U as well as the eigenvalues kj are defined for given n and
should have an additional index n, which we have omitted to shorten the
notation. Moreover, for real k the interaction Hamiltonian matrix is real, and the
transformation matrix U is a real orthogonal matrix, so the star can also be
dropped.

The numerical diagonalization procedure gives the eigenvalues A; as well as
the elements of the matrix U, and the coefficients ¢, () can thus be calculated
according to (122). It is worthwhile to note, however, that because of the
symmetry of the Hamiltonian, the eigenvalues A; are distributed symmetrically
with respect to zero, with one eigenvalue equal to zero if there is an odd number
of them. When the eigenvalues are numbered from the lowest to the highest
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value, there is an additional relation
UyUg; = (=1) Uejujz)-iUo /2l (123)

which makes the coefficients ¢, () either real (k even) or imaginary (k odd).
This property of the coefficients ¢, (f) is very important and allows in some
cases to get exact analytical results.

Knowing the coefficients ¢, (f) the resulting state of the field (119) in the
particular sector can be written, for the initial state |n,0), as

[n/2]
WO @) =3 cur(n) W) (124)

k=0

The typical initial conditions for the second-harmonic generation are a coherent
state of the fundamental mode and the vacuum of the second-harmonic mode.
The initial state of the field can thus be written as

W(0)) = > e"eby [, 0) (125)
n=0
where
—N,\ N"/?
b,,:exp( > )\/’? (126)

is a Poissonian weighting factor of the coherent state |op) represented as a
superposition of the number states, N, = |oco|2 is the mean number of photons,
and ¢, is the phase of the coherent state — oy = /N exp (id,). With these
initial conditions the resulting state of the field (119) takes the form

() = S e, N (1)
n=0
o0 [n/2]
= Zeimb"bnzcn,k(tﬂn - 2ka k> (127)

n=0 k=0

Equation (127) describing the evolution of the system is our starting point for
further discussion of the second-harmonic generation. If the initial state of the
fundamental mode is not a coherent state but has a decomposition into a number
states of the form (125) with different b,, equation (127) is still valid when
corresponding b, are taken. It is true, for example, for the initially squeezed
state of the fundamental mode.
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It is interesting to consider one particular initial state of the field in which
there are only two photons at the fundamental mode and no photons in the
second-harmonic mode: |2,0). With this initial state the only state that can be
created in the process is the state |0, 1) with one photon in the second-harmonic
mode and zero photons in the fundamental mode. Next, the second-harmonic
photon can be downconverted into two photons of the fundamental mode, and
we observe fully periodic evolution. The evolution is thus restricted to the two-
dimensional subspace {|2,0), |0, 1)}. The Hamiltonian matrix in this subspace

has the form
H; = hx 0 V2 (128)
V2 0

the diagonalizing matrix U has the form

G BAEEEH (R B

and the two eigenvalues are Ay = —+/2 and M= v/2. We have two coefficients
Cn"k(l‘ )

cr0(t) = cos(V2xt),  cp1(t) = —isin(V2 k1) (130)
and the resulting state has the form
WP (1)) = cos (V2 k1)[2,0) — isin(v2x1)]0, 1) (131)
The mean numbers of photons in the state (131) are given by
(a*a)(r) = 2cos(V2 i), (b*b)(1) = sin*(v2xt) (132)

which are exact analytical formulas for these particular initial conditions. We
also have

(a*a?) — (a*a)® = —2cos>V2xt(2cos> V2Kt — 1)
(b*2h%) — (b*h)* = —sin*V2 ks (133)

From the definition (19) of the Mandel g parameter and Eq. (133) we
immediately find that

ga=1—2cos*V2xt, gy = —sin’V2xt (134)
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which shows that initially the fundamental mode has g, = —1 denoting the sub-
Poissonian statistics of the initial Fock state with two photons and the second
harmonic mode initially has g, = 0, as it should be for the vacuum state. At
later times, however, the fundamental mode becomes super-Poissonian while
the second-harmonic mode becomes sub-Poissonian. This simple example
shows that even in the case of the evolution that is restricted to the two-
dimensional subspace, there are essential changes in photon statistics.

Generally, the second-harmonic generation is described by the quantum
state (127) and we use this state in our further calculations. Classical solutions
discussed earlier, u,(t) = secht and u,(t) = tanht, indicated that the ampli-
tudes of the two modes are monotonic functions of time and that eventually all
the energy from the fundamental mode will be transferred into the second-
harmonic mode, assuming that there was no second-harmonic signal initially. It
is well known [20,48], however, that the quantum solution has oscillatory
character and does not allow for the complete power transfer. Using the
state (127) we find that the mean photon numbers evolve in time according to
the formulas

[n/2]
(Na(1)) = ((1)]a = sz > (n = 20)|enr()
n=0 k=0

[n/2]

(Ny(1)) = (W(0)|b* bl (1) ZbZZk\cnk (135)

Because of the Poissonian factors, which are peaked at N,, the summation over
n can be performed numerically if N, is not too great. On the other hand, some
features of the classical solutions can be expected for N, > 1. To evaluate
numerically formulas (135) we use the computer program quoted in the
Appendix B, which can be run using the freely available software OCTAVE
[50] or the commercial software MATLAB [51]. The results are illustrated in
Fig. 5. In Fig. 5a we have plotted the normalized second-harmonic intensity
n, = Z(Nb> /N,, where N, is the initial mean number of photons of the coherent
state of the fundamental mode, against the scaled time t for the initially
coherent state with the mean number of photons equal to 2 (solid line) and
compared it with the corresponding intensity obtained for the initial state of the
fundamental mode being the Fock state with two photons [Eq. (132)]. In the
latter case we see the perfectly periodic behavior with complete transfer of
energy between the fundamental and second-harmonic modes. In the case of
coherent state with the mean number of photons being the same as for the Fock
state we already see the distorted oscillations, and the transfer of power is not
complete. In Fig. 5b we have presented the results for initially coherent state of
the fundamental mode with the mean number of photons satisfying the inequal-



QUANTUM NOISE IN NONLINEAR OPTICAL PHENOMENA 39

1 7 .
09f | o ;o !
08t
0.7}
0.6} ,
£ 05} .
0.4} :
0.3} .
0.2} v Lo \‘ |
0.1f) Vo - /

T

0.9}
0.8}
0.7} / ]
0.6f NNt et T

0.4} v
0.3}
0.2}
0.1}

0 2 4 6 8 10 12 14 16
T

(®)

Figure 5. Intensity of the second-harmonic: (a) initial coherent state with N, = 2 (solid line)

and initial number state with two photons (dashed line); (b) initial coherent state with N, = 10 (solid

line), N, = 40 (dashed line), and N, = 100 (dashed—dotted line). Dotted line marks the classical
solution.

ity N, > 1. The curves are plotted for N, = 10 (solid line), N, = 40 (dashed
line), and N, = 100 (dashed-dotted line). For reference, with the dotted line the
classical solution is marked on both figures. The solutions are oscillatory but the
oscillations are damped rather quickly when the pump mode is strong. The
higher is the intensity of the pump mode, the longer the solution sticks to the
classical solution before the process is reversed from the second-harmonic
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generation into the downconversion. The maximum reached by the second
harmonic intensity increases, as the intensity of the pump mode increases,
giving better efficiency of conversion of the fundamental mode field into the
second harmonic. This tendency is clearly seen from Fig. 5b.

At this point it is interesting and worthwhile to compare the solution (112)
that predicted fully periodic behavior resulting from the quantum noise with the
fully quantum calculations performed in this section. In Fig. 6 we present both
solutions for the initial mean number of photons N, = 100, which gives
¢/ = 0.01. Both solutions are almost identical up to the first maximum, but
subsequent maxima are substantially damped with respect to the approximate
solution. The approximate solution correctly predicts the transition from the
second harmonic regime to the downconversion regime, which is the physical
reason for starting oscillations. The quantum noise really induces macroscopic
revivals, but subsequent maxima are smaller and smaller and the second
harmonic intensity asymptotically approaches a certain value. Without quantum
fluctuations the solution is a monotonic function as shown in the figure by the
dotted curve. The quantum noise is necessary to trigger the macroscopic
changes in the intensity of the second-harmonic mode.

Now, we can proceed further and ask the question about the evolution of the
quantum fluctuations. We have already seen that there are essential changes in
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Figure 6. Comparison of the fully quantum numerical solution (solid line) and the approximate
solution (112) (dashed line) for the initial mean number of photons N, = 100(¢’ = 0.01). Classical
solution is marked by dotted curve.
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the photon statistics when the evolution is restricted to the two-state subspace.
Even in this simple case the fundamental mode evolved from the sub- to super-
Poissonian photon statistics. The numerical method presented above is suitable
for answering questions about photon statistics and squeezing equally well as
the question about the mean intensity. To calculate the mean value of the square
of the photon number operator for the fundamental mode, it is as simple as
replacing n — 2k by (n — 2k)2 in (135), or replacing k by k? in order to calculate
the mean value of the square of the photon number operator for the second-
harmonic mode. All the rest is up to the computer. Let us calculate the Mandel ¢
parameter as defined by (19). In Fig. 7 we have presented the results of the
numerical calculations for the Mandel g parameters for both fundamental (Fig.
7a) and second harmonic (Fig. 7b) modes. Both modes exhibit sub-Poissonian
photon statistics (negative values of the g parameter) at the initial stages of the
evolution, but for long times the statistics becomes super-Poissonian. The sub-
Poissonian statistics at initial stages of the evolution is in agreement with the
short time approximation presented in Eq. (103).

In Fig. 8 we have plotted the quadrature variances for the two modes and
compared them to their counterparts obtained from the linearized noise
equations. In Fig. 8a we see the two squeezed quadratures, ([AQ,|*) and
([APb]2>, calculated numerically for the mean number of photons of the pump
mode N, = 10, and their counterparts obtained from the linearized theory, that
is, plotted from the formulas (88). In Fig. 8b the nonsqueezed quadratures
([AP,]?) and ([AQ,]*) are compared. It is evident from the figures that, as one
could expect, the linearized theory has only limited range of applicability. The
linearized results are in good agreement with the exact numerical results
roughly up to the scaled time t ~ 1. The long-time evolution (t > 1) of the
quadrature variances is principally different from their linearized approximation
counterparts because the linearization fails to predict the quantum noise induced
revival in the evolution. It is also clear from Fig. 8a that the degree of squeezing
that can really be obtained is much smaller than that predicted from the linea-
rized theory. The long time behavior of the quadrature variances is presented in
Fig. 9 where the same quadratures are plotted as in Fig. 8 but for longer time t
showing irregular oscillations of the quantum noise with a general tendency for
that noise to increase and we should not expect squeezing in the long time-limit.
The reduction of the quantum noise below the vacuum level is thus a property
that in second-harmonic generation appears at the beginning of the evolution
and never reappears again.

Since I:IO is a constant of motion, I:I§ is also a constant of motion, which
gives, for the fluctuations of 1:10, the relation

([AH") = (H;) = (Ho)® = Nu(ho)’ (136)
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14

Figure 7. The Mandel g parameter for the (a) fundamental mode and; (b) second-harmonic
mode. The mean number of photons is N, = 10 (solid lines) and N, = 40 (dashed lines).

which can be rewritten as

<[ANu]2> + 4<[ANb]2> + 4<ANuANb> =N, (137)

Formula (137) establishes the relation between the fluctuations of the indivi-
dual-mode photon numbers and the intermode photon-number correlation. All
the quantities on the left hand side (l.h.s.) of Eq. (137) can be calculated
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Quadrature variances

Quadrature variances

Figure 8. The quadrature variances: (a) squeezed variances <[AQG]2) (solid line) and ([AP,,]2>
(dashed line) (b) nonsqueezed variances <[APU]2> (solid line) and <[AQ;,]2) (dashed line) for
N, = 10. The dotted lines are the linearized solutions.

numerically starting with the state (127), and formula (137) can serve as a test
of numerical precision. The value of N, sets the level of fluctuations for an
initially coherent state with the mean number of photons N, . In Fig. 10 we have
visualized the evolution of the correlations between the photon-number fluctua-
tions (normalized) 4(AN,AN,)/N, of the two modes. The two photon noises
are negatively correlated. This negative correlation of photon fluctuations
compensates for the large increase of the photon number variances in each
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Quadrature variances
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Figure 9. Same quadratures as in Fig. 8 but for longer time .

mode, which is clearly visible from Fig. 7. Thus the super-Poissonian photon
statistics is related with the appearance of strong negative correlations between
the photon-number fluctuations. The peak in the Mandel g parameter, indicating
highly super-Poissonian photon statistics, is, on the other hand, related to the
minimum of the quadrature variance, that is, it is related to the maximum of
squeezing. This shows that quantum fluctuations of various physical quantities
are related to each other, but this relation is not necessarily simple.

The statistical properties of the quantum fields are well characterized by the
quasiprobability distribution functions defined in the Section II. Let us consider



QUANTUM NOISE IN NONLINEAR OPTICAL PHENOMENA 45
0

2}

41 !

Correlations
|
(o]

! \ 7
-8t ! \ 1 \
! \ / \ -— _ -
! \ ’ N -
1 \ P <~
v N7
=10} v
-12 -
0 2 4 6 8

Figure 10. Correlations 4<ANHAN,,>/N(, between the photon-number fluctuations in the two
modes for N, = 10 (solid line) and N, = 40 (dashed line). Compare to Fig. 7

the Husimi Q function as defined by (28) for the fundamental mode. To find this
function, we start with the more general function for the two-mode field

0(o, B) = |<<x BIw (1)) (138)

where [\s(¢)) is as given by (127). By integrating the function Q(a, B) over d° B
we obtain the function Q(a) for the fundamental mode. We find

" n/2 n Zk(B )k
ab,, Z\/mcn,k(l) (139)

O, B) = ~ (o +1B*)

and after integrating over d*p we get

[n/2] | | —4k 2
Q(oc):—e lof {ZV’ ?lo |2"Z| | |€nk()\

—|—2ReZZe’” ") byy (o) o

n=1 n'=0

WA o e, i(t)e (1) }
. :

= \/(n—2k)!(n’ — 2k)! (140)
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In a similar way, integrating (139) over d’a. we obtain the Q function for the
second-harmonic mode, which has the form

Cn,k(t>c:;/1k/(t)8n2k,n’2k’} (141)

The two functions can be evaluated numerically for a not-too-large mean
number of photons N,. In Fig. 11 we have shown the contour plots of the QO
function for the fundamental mode (Fig. 11a) and the second-harmonic mode
(Fig. 11b) for the initial mean number of photons of the fundamental mode
N, =10. It is seen that the centroid of the distribution, in case of the
fundamental mode, moves to the left along the Re o axis showing squeezing
along this axis at initial stages of the evolution, and next it becomes a two-peak
structure first noticed by Nikitin and Masalov [24]. Nikitin and Masalov [24]
suggested that the two peaks appearing in the Q function indicated a macro-
scopic superposition of quantum states. In case of the second harmonic mode
the QO function starts with the peak localized at the origin (initial vacuum state)
and moves along the Im B axis undergoing deformation during the evolution.
Motion of the centroid of the distribution along the Im [ axis confirms again our
earlier prediction that the phases of the two fields exhibit a shift by ©t/2. The Q
function is one of the quasiprobalility distributions that describe quantum
statistical properties of the field. It has advantage that it is always positive, so
it can be treated in the way as the classical probability distributions are treated,
but it also has disadvantages; for example, it does not lead to correct marginal
distributions. In this context the Wigner function is more appropriate, but the
Wigner function can take negative values, which precludes its treatment as
classical probability distribution. In many cases, however, the Wigner function
is very useful. All the quasidistribution functions take into account the fact that
quantum fields are operator fields and are represented by noncommuting
operators, which unavoidably introduce quantum noise. The different quasidis-
tributions are related to different orderings of the field operators. The Q function
is associated with the antinormal ordering of the operators.

As we have already seen, quantum noise changes the character of the
evolution of the field in the second-harmonic generation by making it periodic.
But periodic behavior is also seen for classical solution if we assume that there
is a small classical signal of the second harmonic mode when the evolution
starts. One can thus say that the quantum noise, or spontaneously emitted
photons, play a role of the classical signal that makes the evolution periodic.
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Figure 11. Contour plots for the Q function: (a) fundamental mode and (b) second-harmonic
mode, for the mean number of photons N, = 10. Contours are taken at 0.1 of the maximum.
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This also prompts us a way to simulate the quantum noise by introducing
randomly chosen initial values. We can use deterministic classical equation of
motion to describe the evolution of the fields, but the initial conditions are
chosen at random. Let us assume that o = o9 + Aa, B = By + AP, where oy
and B, are the mean values of the initial amplitudes and Ao = Ax, + iAy,,
AP = Ax;, + iAy, are the fluctuations of the two fields, where Ax,, Ay,, Axp,
Ay, being the independent real Gaussian processes with identical variances
Ax2 = Ay2 = Ax; = Ay} =1, where we have denoted the classical averaging
by the overline (vinculum). With these assumptions we find that the variances of
the quadrature components Q and P of the fields, which for the vacuum state are
equal to unity, can be expressed by the variances of these classical random
variables ([AQ,]%) = 2(Ax2 + Ay2) = 1, and so on. Now, starting with the
Gaussian distribution of the initial values of the field amplitudes, we can
simulate some quantum properties of the fields using classical trajectories. It is
interesting to compare the results obtained using the method of classical
trajectories to the quantum results for the Q function. This kind of comparison
has been done for second-harmonic process by Nikitin and Masalov [24]. Since
it is really impressive to see how good the quantum Q function contours are
reproduced by a cloud of points that undergone classical evolution starting from
the initial conditions described by the Gaussian distribution, we show in Fig. 12
clouds of 1000 points for the same values of the evolution time as in Fig. 11 for
N, =10. Why is the Q function reproduced so well with the classical
trajectories? The Q function is a representative of a whole class of the
quasidistribution functions. Generally, the s-parametrized quasiprobability dis-
tribution for a coherent state, defined by (30), is given by

; 12
W()(oc)—nl_sexp(—

Jo — ocgz) (142)

1—=s

which, for s < 1, is a Gaussian distribution. For s = 1, the distribution becomes
the Dirac delta function, for s = 0 it is the Wigner function, and for s = —1, we
have the Q function. The distribution (142) becomes narrower as s increases
approaching unity. The Q function is the broadest distribution, but all of them
for s <1 are just Gaussians with various variances. In terms of classical
description of the field noise, the most suitable function is the Wigner
function [52], for which the variance of the Gaussian distribution is equal to
i. The Q function is broader, with the variance equal to %, but because the state
of the field has a large coherent component, the two functions are very similar in
shape and the Q function is usually easier to calculate. For the nontrivial
quantum states, the Wigner function can take negative values, and then it is
difficult to simulate properties of such states by classical stochastic variables
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Figure 12. Classical trajectories for 1000 points for Gaussian distribution of initial values with
unit variance and N, = 10. Compare to Fig. 11a.

while the Q function does not suffer from such problems. When the initial state
of the fundamental mode is a coherent state, the initial distribution is a
Gaussian, and the result of simulation is pretty good. The method of classical
trajectories has been used by Bajer et al. to explain the sub-Poissonian photon
statistics in the second harmonic generation [36] as well as the third harmonic
generation [37] in the no-energy-exchange regime. They have found that in this
regime it is possible to obtain the steady-state solutions exhibiting sub-
Poissonian photon statistics, and, surprisingly, they have shown that this
quantum effect can be explained within the classical trajectories approach.
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As we have already discussed in Section II, another characteristic of the
quantum field is its phase distribution. The phase distribution of the quantum
field can be calculated from the quasidistribution functions by integrating over
the radial variable. In this way we get a kind of phase distribution that can be
considered as an approximate description of the phase properties of the field.
One can calculate the s-parametrized phase distributions, corresponding to the
s-parametrized quasidistributions, for particular quantum states of the field [16].
However, a better way to study quantum phase properties is to use the Hermitian
phase formalism introduced by Pegg and Barnett [11-13]. We have already
introduced this formalism in Section II. Now, we apply this formalism to study
the evolution of the phase properties of the two modes in the SHG process. In
this case we have a two-mode field which requires a modification of the
formulas presented in Section II into a two-mode case. The modification is
rather trivial, and for the joint probability distribution for the continuous
phase variables 0, and 6, describing phases of the two modes, we get the
formula [53]

o0

P<eaaeb) (—‘Zb chk

x exp {—i[(n — 2k)0, + kB, — k(2d, — d,]} (143)

where ¢, and ¢, are the initial phases of the two modes, and the coefficients
cnk(t) are given by (122). The distribution (143) is normalized such that

J J P(6,,6,) d0, d6, — 1 (144)

—TnTJ—T

To choose the phase windows for 8, and 6, we have to assign to ¢, and ¢,
particular values. It is interesting to notice that formula (143) depends, in fact,
on the difference 2¢, — ¢,, which reproduces the classical phase relation for
the second harmonic generation, as seen in in classical equations (59). Classi-
cally, if there is no second-harmonic initially, this quantity must be
2¢, — ¢, = £n/2. This means that the phase of the second-harmonic mode
is locked to the phase of the fundamental mode by this relation. It turns out that
this is also a good choice to fix the phase windows in the quantum description. If
the initial phase ¢, of the fundamental mode is zero, then ¢, = +m/2
(depending on the sign of x); that is, the second harmonic is shifted in phase
by ©/2 or —m/2 with respect to the fundamental mode.
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The joint probability distribution given by Eq. (143) can be evaluated
numerically and an example of such distribution is shown in Fig. 13, where
the function P(8,,6,) is plotted for several values of the scaled time t and the
initial mean number of photons of the fundamental mode N, = 10. Initially the
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Figure 13. Joint phase probability distribution P(6,,6,) of the fundamental and second-
harmonic modes for various evolution time t. In the last two figures the phase windows for 0, and 0,

are shifted by .
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Figure 13. (Continued)

distribution is peaked at 6, =0 in the 0, direction reflecting the phase
distribution of the coherent state of the fundamental mode, and it is completely
flat in the 0, direction reflecting the uniform phase distribution of the vacuum of
the second-harmonic mode. At a later time, T = 1, a single, well-resolved peak
of the distribution is visible, signifying a relatively well defined phase of the
second-harmonic mode in conjunction with the phase of the fundamental mode.
The fact that the peak appears for 6, = 6, = 0 corroborates the classical phase
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relation 2¢, — ¢, = m/2, which has been assumed here to choose the phase
windows. As the evolution proceeds, for T = 2, the phase distribution P(8,, 0,)
splits into two peaks. This is very interesting interval of time in which the
second-harmonic mode achieves its maximum and the reverse process of
downconversion start to predominate (can be seen from Fig. 5). The case of
downconversion will be discussed later on, but now we can say that appearance
of the two-peak phase distribution is a qualitative change in the phase properties
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of the field, and it can be ascribed to the transition in the evolution from the
harmonic generation regime into the downconversion regime. The two-peak
structure of the ideal squeezed states has been indicated by Vaccaro and
Pegg [54], and for the downconversion process with quantum pump by
Gantsog et al. [55]. The splitting of the phase distribution into two peaks
resembles the splitting of the Q function for the fundamental mode indicated by
Nikitin and Masalov [24] which we have discussed earlier. The multipeak
structure of the Q function or/and the phase distribution can be an indication
that the field becomes a superposition of macroscopically distinguishable
quantum states, the so-called Schrodinger cats [25,27,30,56]. For still longer
times, T = 4, the intensity of the second-harmonic approaches its minimum and
we observe a transition from the regime of downconversion back to the regime
of second-harmonic generation, but this time with a quite different “initial”
state. Such “bifurcations” of the phase distribution lead to a multipeak structure
of the phase distribution, which means more and more uniform phase dis-
tribution. We would also draw attention to the jump in phase by m, which is
clearly visible in the last two figures (compare to the classical phase evolution
shown in Fig. 2). The fact that one peak splits into just two peaks is related to
the fact that the process we discuss is the two-photon process. For example,
for the three-photon downconversion the threefold symmetry of the distributions
is observed [57]. Generally, the joint phase probability distribution carries
quite a bit of useful information about the quantum state of the field. It is
also important that for two-mode fields the joint phase probability distribution
is a function of two variables 6, and 0, only, in contrast to the function
O(a, B), which is a function of four real variables Re o, Im o, Re B, Im B, so it is
easy to visualize the two-mode field using the phase distribution while it is
difficult to visualize the Q function in the phase space. Of course, the phase
distribution obtained by integration of the quasidistributions is in this respect
equally easy to handle as the Pegg—Barnett phase distribution even though
the two functions are different. Generally, different distribution functions
carry different information, but some properties of the field can be read out
from all of them.

The phase distribution function (143) allows for calculations of the phase
variances for the individual modes as well as the phase correlations between the
two modes by performing simple integrations over the phase variables 6, and
0,. Detailed discussion of the phase properties of the fields can be found in Ref.
16, and we will not repeat it here. The material presented in this section has
been chosen as to illustrate how quantum noise, which is an indispensable
ingredient of quantum description of optical fields, can be incorporated into the
theory of nonlinear optical phenomena, in particular the phenomenon of second-
harmonic generation.
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IV. DEGENERATE DOWNCONVERSION

A process on the one hand similar to the second-harmonic generation because it
is described by the same Hamiltonian (54) but on the other hand opposite the
second-harmonic generation because the initial conditions are interchanged, is
the process of degenerate downconversion. For the second-harmonic generation
initially there is no signal field at the second-harmonic frequency 2o and there
is a strong (coherent) field at the fundamental frequency ®. On the contrary, for
the downconversion process initially there is no signal at frequency ® and there
is a strong (coherent) field at the frequency 2, which is the pump mode in this
process. As we have already discussed, we can talk about “pure” second-
harmonic generation or downconversion only at the initial stage of the evolution
with these particular initial conditions. At later times both processes compete
with each other with domination of one of them between the subsequent
maxima and minima of the signal intensity in a given mode. There is, however,
one important difference between the two processes—the second-harmonic
process can start even when the fields are classical, while the downconversion
process must be triggered by quantum fluctuations.

The simplest and most often used approximation allowing for analytical
solutions of the downconversion problem is the parametric approximation, in
which it is assumed that the pump mode is a strong coherent field that remains
undepleted during the evolution. The amplitude of this classical field is an
external parameter on which the solutions for the signal field depend. Equations
of motion for the downconversion process are the same as in (56)

%&(t) = —2ikat (1)b()
d - .
2 i) = ~ini(e) (14

It is easy to note that for classical fields a(r) — o() and b(r) — P(t), there is no
nonzero solution for the signal field o(f) if o(0) =0. In the parametric
approximation, the pump field at frequency 2m is assumed to be constant
classical field B, = |By|exp (id,,). Within this approximation the first equation,
Eq. 145, together with its Hermitian conjugate, can be solved analytically giving

a(t) = a(0) cosht 4 a*(0) sinh T exp [i((])b - g)}

at(t) =a"(0)cosht + a(0) sinh T exp [—i(d)b - g)} (146)
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where we have introduced the scaled time t = 2|B,|«z. The solutions (146) can
be generated using the following squeezing operator

5(0) = exp G @ %ga”) (147)

where the parameter ( = it, in the following way [4]

a(t) =5"Qa(0)8(¢),  a'(v)=8"(Q)a"(0)S(¢) (148)

Thus, the degenerate parametric oscillator, specifically, the downconversion
process in the parametric approximation, performs the squeezing transforma-
tion, generating the ideal squeezed states, which have been widely discussed in
the literature (see, e.g., Refs. 5 and 6 and papers cited therein). This material is
well known, and we will not repeat it here. We rather concentrate on the cases
when the parametric approximation is not applicable and the pump mode must
be treated as a dynamical variable, the evolution of which must be taken into
account. The quantum dynamics of the parametric oscillator has been studied by
Kinsler and Drummond [58]. Reid and Krippner [59] have found that a
macroscopic superposition states can be created in the nondegenerate para-
metric oscillator. Mode entanglement in such a system has been studied by
Drobny et al. [60]. Here, we focus on comparison of the quantum properties of
fields produced in the downconversion to those produced in the second-
harmonic generation using the same theoretical methods.

A. Symbolic Calculations

Let us start with the short-time approximation in which we can use the symbolic
manipulation computer program described in Appendix A to find the corrections
coming from the quantum fluctuations of the fields. The operator formulas (94)
and (95) are valid also for the degenerate downconversion because the two
processes are governed by the same Hamiltonian, but now initially the second-
harmonic mode is populated while the fundamental mode is initially in the
vacuum state. Assuming that the pump mode at the frequency 2 is in a
coherent state |By) (By = vNyexp (id,)), we have

{a(r)) =0

(b(o)) = Bo |1 — (k1) — ¢ (k0)* BB — 1) 4+ (149)
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It is interesting to note that the mean value of the signal mode at frequency o is
zero, and it is true for all powers in the expansion, reflecting the fact that
photons are created in pairs. In case of pump mode, we see that the amplitude of
the field will evolve in time and the lowest nonzero term is the quadratic term.
The fact that the mean field of the signal mode is zero explains why the signal
mode is said to be in the squeezed vacuum. Another interesting and character-
istic feature of such field is the fact that the mean value of the square of the
annihilation operator is nonzero
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—~2if {(m) L BB 1)+ }

exp[i(d, — 1/2)] {r—&—%ﬁ(l _8%\/;,) +} (150)

and this fact justifies the name the fwo-photon coherent state introduced by
Yuen [61].

Let us take a look at the mean number of photons in the signal mode, which
up to the fourth order is given by

@ a0 = B | (k043 00 IR = 1)+ .

, T 1
. +3<1_2Nb 4. (151)

where we have introduced the scaled time T = 21/N,Kt, as suggested by the
solutions (146) in the parametric approximation. The last term, ~ N, !, comes
from the field commutator and represents the quantum noise. The other terms
are the terms of the expansion of sinh?t, which is the mean number of photons
in the parametric approximation given by the solutions (146). For the pump
mode we have

(00 = o 1= 200° = 5 0 I = 1)+

— 1o, 14
=N, 7T 6" (1 )+ (152)

Again, we can easily identify the noise term, and moreover, it is clear from
Egs. (151) and (152) that the quantity (a*(£)a(r)) + 2(b™(1)b(r)) = 2|Bo|* =
2N}, is conserved including the quantum noise terms.
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Similarly, we obtain corresponding expressions for the quadrature variances

([AQ.") = 1+ 4(e)Im By + 8(kr)?|Bol* + g (t)* Tm By (8]Bo|* — 1)

2200 Bl 2IBol” — 1) + -

T8N,

2, 1

([AP]?) = 1 — 4(xr)Im By + 8(k)’[Bo[* — g (k) Im By (8]Bo|* — 1)

4 1
= 1+21sin¢b+212+gr3sind>,,<l )

22 () B 2IBol” — 1) + -

8N,

2, 1
z 1 —— 154
+3r( 2Nh)+ (154)

The sign of the linear terms in (153) and (154) depends on the sign of Imf,,, and
this sign decides whether the quadrature is squeezed. These examples illustrate
the effectiveness of the symbolic manipulation programs in obtaining such
expansions. Previously such calculations have been performed by hand. This
approach belongs to the standard methods of quantum optics, and many results
based on the power series expansion have been discussed in the book [62], so
we restrict ourselves to these few examples only.

B. Numerical Methods

4 1
= 1—2rsin¢b+212—3r3sind>b<1— )

The exact operator expansions presented in the previous section indicated that
the parametric approximation fails for sufficiently long evolution times, and,
moreover, the quantum character of the pump mode introduces corrections to
the field evolution coming from the quantum noise. Since the two parts of the
Hamiltonian H, and H; given by Eq. (55) are constants of motion, again we can
split the Hilbert space into orthogonal sectors, as before, and introduce for a
given number n of the pump mode at frequency 2m the states

W) = 2kn—k),  k=0,1,....n (155)

which again form a complete orthogonal basis of states in a sector with given n.
Now, however, n is the number of photons of the second-harmonic mode, which
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would correspond energetically to the 2n photons of the fundamental mode, so
the dimension of the sector with given n is (n + 1)x(n 4 1). Assuming that the
initial state of the pump mode is a coherent state |B,) and the signal mode at
frequency o is in the vacuum, we can define the initial state of the field as

= b,e"[0,n) (156)
n=0
where
n/2
—Np

where N, = |Bo|>, and ¢, is the initial phase of the pump field
[Bo = |Bolexp (id,)]. With these initial conditions the resulting state of the field
is given by

Zb " Zcm (1)[2k,n — k) (158)

n=0

where the coefficients ¢y, «(¢) are the matrix elements of the evolution operator

—iH;t
exp( lﬁ’) 0,n>

= Z e MM, g U,; (159)

Cznﬁk(t) = <2k, n—k

Comparing Egs. (122) and (159), it is clear that the coefficients c,«(¢) and
conx(t) are derived from the same matrix U diagonalizing the Hamiltonian H,,
but they include different elements of the matrix. As before, the
coefficients (159) can be calculated numerically by diagonalizing the interaction
Hamiltonian I:II [55]. The mean number of photons in both modes can be
expressed, using the state (158), in the form

Ba(0)) = WOlatab () = 35S 2Klesns(t)
n=0 k=0

(No(1)) = (W(1) b bI(1) Zb2z Blezsn)?  (160)
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Figure 14. Signal intensity of the degenerate downconverter for the mean number of pump
photons N, = 10. Dotted line illustrates the parametric approximation.

where b, is given by (157). In Fig. 14 we have plotted the signal intensity
n, = (N,(1))/(2N,) at frequency o as a function of the scaled time T = 2|B,iz.
The intensity n, is scaled in such a way that unity at the figure would mean the
100% conversion ratio. For reference we have plotted the normalized signal
intensity in the parametric approximation, which is given by sinh? t/(2N},). It is
seen that the parametric approximation is valid for T < 1, and it fails for longer
evolution times. As in the case of second-harmonic generation, the signal
intensity exhibits damped oscillations; however, there is one important differ-
ence between the second-harmonic generation and the downconversion process,
namely, the conversion ratio that can be achieved in both processes. As it is
evident from Fig. 5b as the mean number of photons of the fundamental mode
increases, the maximum conversion ratio also increases, becoming closer and
closer to 100% efficiency. From Fig. 14 we see that the maximum conversion is
below 70% for N, = 10, and contrary to the second-harmonic generation, as the
mean number of photons N, of the pump mode increases the maximum
conversion decreases. This effect is illustrated in Fig. 15, where we have plotted
the maximum values of the scaled signal intensity n, as a function of the mean
number of photons of the pump mode N;,. This rather counterintuitive result has
been discussed by Drobny and Buzek [63] who have found that there is a
fundamental limit on the energy transfer in the k-photon downconversion. There
is always a fraction of energy that is trapped in the pump mode and cannot be
transferred to the downconversion signal and this fraction increases as the
intensity of the pump mode becomes higher. If the dynamics of the pump mode



QUANTUM NOISE IN NONLINEAR OPTICAL PHENOMENA 61

0.7 ]

06 ]

Max(ng)
o
ol

04r 1

03f 1

0.1} 1

Figure 15. Maximum efficiency of energy transfer in the degenerate downconversion versus
the initial mean photon number N, of the pump mode.

is taken into account the downconversion signal behaves quite differently from
the the idealized case when the parametric approximation is done.

The degenerate parametric downconversion is a source of squeezed light,
which, as far as the parametric approximation is valid, produces the ideal
squeezed states with the quadrature variances ([AQ,]%) = exp(—21) and
([AP,)*) = exp(21), which means that for T — oo, one of the variances goes
to zero while the other goes to infinity. Thus, the idealized model allows for
perfect squeezing. Of course, in a more realistic model in which the quantum
noise of the pump mode is taken into account the amount of squeezing that can
be obtained is limited. The two quadrature variances calculated numerically for
Ny =10 and ¢, = —n/2 are illustrated in Fig. 16. For short evolution times t
the variance ([AQ,(1)]*) is squeezed, that is, it takes values below unity, that is
below the vacuum fluctuations level. The Q quadrature is squeezed for the
particular choice of the phase of the pump field, ¢, = —m/2, in agreement with
the analytical results presented in Eq. (99). For ¢, = 0 both quadratures are
unsqueezed. The dependence of squeezing on the field phase is a characteristic
feature of this effect. The Q quadrature variance reaches a minimum below
T =1 and next shows maxima and minima that, however, do not fall below
unity. It is a well-known fact that when the depletion of the pump mode and its
quantum character is taken into account, the quadrature noise has finite
minimum, and it has been shown [64—-66] that the value of squeezing is
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Figure 16. Quadrature variances of the signal mode for Nj, = 10 and ¢, = —1/2: ([AQ,(1)]?)
(solid line) and ([AP,(t)]?) (dashed line).

bounded by (2\/]Tb)71. Kinsler et al. [66] compared various numerical
methods, including the number-state calculations and stochastic simulations
based on the stochastic differential equations derived from the positive P
representation. Here, we use the method of diagonalization of the Hamiltonian
in the number-state basis, which is simple but it is applicable only for the pump
fields with a not-too-large mean number of photons. Nevertheless, the results
obtained in this simple way illustrate pretty well the features of the field
produced in the degenerate down converter with quantum pump. In Fig. 17 we
have plotted the quadrature variances for several values of the mean number of
photons of the pump mode. It is seen that, as the number of photons increases,
the solutions remain close to the parametric approximation for longer times, or
in other words, the parametric approximation is valid longer as the pump fields
are becoming stronger.

Similarly to the second-harmonic generation, we can calculate the Q
function for the fields. With the state (158) we find for the two-mode field
the formula

21< n—k 2
(BB [N indy (B
O(a, B) = nz;e bn ZW ik (161)
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Figure 17. Quadrature variances (a) ([AQ,(t)]*) and (b) ([AP,(t)]?) for the signal mode with
¢, = —1/2 and N, = 10 (solid line), N, = 40 (dashed line), and N, = 100 (dashed—dotted line).
Dotted lines represent parametric approximation.

which after corresponding integrations gives the Q functions for individual
modes. For the signal mode, we have

1 P X p
— ol § E iln=r)bp, p, |
Q(a) T[e e n“n

n=0 n'=0

n n (O(*)ZkO(Zk/ .
W CZn,k(t)czn/‘k’(t)6n7k,n’fk’ (162)
k=0 k'=0 : .



64 RYSZARD TANAS

and for the pump mode

oo X
:*67”3'7 Y > b,

n=0 n'=0

min(n,n’) K o —k
() p *
‘ Z (n—k)!(n" — k)! Con k(1) €y 1 (1) (163)

k=0

where the coefficients ¢z, () are given by (159) and the Poissonian factors b,,
by (157). The contours of the Q functions for the signal (Fig. 18a) and pump
(Fig. 18b) modes, for a particular choice of the evolution times, are illustrated in
Fig. 18. The squeezing property of the signal is clearly seen for t = 1, and for a
longer time t =3 the Q function of the signal mode develops a two-peak
structure. All the time the mean amplitude of the signal mode is zero — the
quasidistribution exhibits a twofold symmetry around the origin. The pump
mode starts from a coherent state with the amplitude —iv/10, and next the
distribution is smeared along the imaginary axis (t = 3) and concentrates again
to an approximately coherent state with the amplitude iv/10 (t = 6). It is
interesting to compare the shape of the Q functions with the maxima and
minima of the intensity of the signal mode shown in Fig. 14.

The classical trajectories approach, described in Section III.D, applied to the
downconversion regime confirms pretty well the fully quantum calculations for
the quasidistribution functions presented in Fig. 18. Examples of the classical
trajectories approach are shown in Fig. 19. Similarly to the second-harmonic
generation (see Section III.D), the initial values are taken from the Gaussian
distribution with the appropriately adjusted variance and the set of classical
equations (59) is solved numerically for 1000 trajectories. As it is evident from
Fig. 19, the cloud of points reproduces very well the quasidistribution functions
for both modes. The classical trajectories approach has an advantage over the
direct quantum calculations with the diagonalization of the Hamiltonian in this
that it can be applied to the fields with large number of photons where the
diagonalization method cannot be used because of the computer limitations. It
has been shown [52] that the Wigner function is the most adequate quasidis-
tribution function to use with classical trajectories approach, and the symmetric
ordering associated with the Wigner function should be used to calculate mean
values of the physical quantities by averaging over ensembles of classical
trajectories. Here we have illustrated both approaches, choosing the mean
number of photons N, = 10 for which the calculations can be performed
even on small computers.

The Hermitian operator phase formalism of Pegg and Barnett [11-13] allows
for quantum calculations of phase distribution for the fields produced in the
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Figure 18. Contour plots of the Q function for (a) the signal mode and (b) pump mode for
N, =10, ¢, = —mn/2, and several values of the evolution time t. Contours are taken at half the

maximum.
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Figure 19. Classical trajectories for 1000 points for Gaussian distribution of initial values and
Ny =10, ¢, = —m/2 for the signal mode (upper figures) and the pump mode (lower figures). The
evolution times are chosen as to compare with Fig. 18.

downconversion process [55]. The joint phase probability distribution has the
following form in this case [16,55]:

1 o0 n
P6,,0,) =—— b, k(£
(04,05) ) nz:; I;Q k()

x exp{—i[2k0, + (n — k)0, + k(20, — ¢;)]}  (164)

It is very instructive to compare the joint phase probability distributions for the
signal and pump modes produced in the downconversion process shown in
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Fig. 20 to the same distribution for the fields produced in the second-harmonic
generation process shown in Fig. 13. The differences are clearly visible. The
distribution for the downconverted field from the beginning develops a two-peak
phase structure, which is a consequence of the two-fold rotational symmetry of
the Q function for the signal mode. It is known [57,67] that for k-photon
downconversion the Q function has k-fold rotational symmetry and the phase
distribution has k peaks, at least at the initial stages of the evolution. From
Fig. 20 it is also clear that when the intensity of the signal mode reaches its
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Figure 20. Joint phase probability distribution P(8,,0,) for the signal and pump modes at
several evolution times t and N, = 10. In the last two figures the window for 0, is shifted
0, — 0, + /2 and 6, — 6 + m, correspondingly.
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Figure 20. (Continued)

maximum (t = 3), the process is reversed from the downconversion regime to
the harmonics generation regime and the phase distribution for 0, splits into two
peaks and a jump in phase by 1/2 appears. For T = 6, the phase distribution
confirms the fact seen from the contours of the Q function, that the pump mode
reaches the state close to the initial coherent state but shifted in phase by m. To
avoid splitting of the peaks in the phase distribution, we have made correspond-
ing shifts of the phase window for 6, variable for the last two pictures of Fig. 20,
s0 0, — 0, + /2 and 0, — 0}, + =, correspondingly. The two-peak structure of
the phase distribution is a characteristic feature of the ideal squeezed states. To
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compare the ideal squeezed state phase distribution with the distribution for
downconversion with quantum pump, we can calculate the marginal phase
distribution functions, which are obtained by integrating (164) over one of the
phase variables. The result is

n

1 *
P(0a) = - { 1 +2Re Zj byby ; ,;) Conge(1)C 0 (8)
x exp|—i(k — k') (20, + 2d, — d)b)]Snn«’kk/}
1 n
P(0,) = o {1 + 2Re Z b,b,y Z C2n.,k(f)C§n/,k(t)
n>n' k=0
X exp[—i(n—n’)@b}} (165)

The marginal phase distributions are illustrated in Fig. 21a, where we have
plotted the phase distribution P(8,) for the signal mode at the evolution time
© =1 and the phase distribution for the ideal squeezed state for the same
squeezing parameter. The mean number of photons for the pump mode is equal
to 10. It is clear that quantum fluctuations of the pump mode cause broadening
of the phase distribution, but the two-peak structure of the distribution with the
peaks at +m/2 is obvious. For large squeezing, the phase distribution of the
ideal squeezed state becomes the sum of two symmetrically placed delta
functions

P(@a):%[S(Ga—g) +5(9a+g)} (166)

but the quantum noise present in the pump mode broadens the phase distribution
which can never become the delta function distribution. In Fig. 21b we have
shown the distribution for the pump mode at the evolution time t = 6, which is
compared to the initial coherent state phase distribution (dotted line). The
window for 0, is shifted by m to be consistent with Fig. 20. The phase
distribution of the pump mode for this particular evolution time corroborates
what has already been found from previous figures, that at time T = 6 the state
of the pump mode becomes close to the coherent state but shifted in phase by nt
with respect to the initial state. This illustrates that the phase distribution is a
very convenient function to study in order to get information about the quantum
state of the field.

Because of the oscillatory behavior of the intensity of the signal mode, which
switches the process from the downconversion regime to the second-harmonic
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Figure 21. Marginal phase distributions: (a) P(6,) for Tt =1 (solid line) and ideal squeezed
vacuum (dotted line); (b) P(6;) for T = 6 (solid line) and coherent state with N, + 10 (dotted line).
The window for 0}, is shifted by .

generation regime and back, the structure of the joint phase distribution
P(8,,6,) for longer evolution times becomes more complicated. This is true
for both the phase distribution that started in the pure SHG regime and the
distribution that started in the pure downconversion regime. As the evolution
proceeds the subsequent bifurcations of the distribution take place and the effect
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of quantum noise accumulates, making the phase distributions more and more
flat indicating randomization of the phase. More details on the quantum phase
properties of the fields produced in nonlinear optical phenomena can be found
in Ref. 16.

V. SUMMARY

In this chapter we have discussed two best-known nonlinear optical phenomena
— second-harmonic generation and parametric downconversion — drawing
particular attention to the signatures of quantum fluctuations of the optical fields
that can be found in the phenomena. The ubiquitous vacuum fluctuations can
manifest themselves in various ways when an optical field undergoes nonlinear
transformation. The two processes considered here are only examples of a rich
variety of nonlinear phenomena, but they are of great practical importance and
thus they have been studied for years and a lot of knowledge has been
accumulated. It was not our intention to collect all the facts known about the
two processes, but rather to select some specific effects illustrating the role of
quantum character of the field in the process. We have also presented several
theoretical methods that are used to describe quantum properties of the field and
are now available to everybody owing to common access to computers and
software. Quantum fields are operator quantities that cannot be treated on
computers in the same way as ordinary numbers describing classical quantities.
However, presently existing computer software allows for symbolic manipula-
tion, which makes it trivial to obtain formulas that would be very difficult or
even impossible to obtain by hand. The early results indicating possibility of
nonclassical effects such as sub-Poissonian photon statistics or squeezing were
based on the power expansions of operator products. We have shown here how it
can be done with freely available software using a computer. Also traditional
numerical calculations became easy with the use of now existing numerical
packages. We have presented examples of such calculations. We have compared
quantum statistical properties of the fields produced in the idealized models of
second-harmonic generation and downconversion with quantum pump using the
same methods of symbolic calculations, approximate analytical methods, the
method of classical trajectories with stochastic initial conditions and direct,
fully quantum-mechanical calculations using the method of diagonalization of
the interaction Hamiltonian. Since both processes discussed in this chapter are
described by the same Hamiltonian, the differences between the quantum
properties of the field generated in them have their origin in the initial
conditions, in particular, in the presence of quantum fluctuations. As we have
shown, the differences are quite important and their comparison is very
instructive.
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APPENDIX A

An example of the FORM [47] program calculating symbolically evolution of
the operator a*(f)a(t) in the SHG process and the results produced by the
program. The program calculates the Taylor series expansion terms up to given
order (16 in the example). T’n’ is the nth order term which must be multiplied
by (x?)", and the notation ad(n) means (a")", and correspondingly a(n) means
a", where a and a' are the annihilation and creation operators for the
fundamental beam. In the calculations we assume that initially there are no
photons of the second-harmonic beam, that is, after operator calculations we
take the expectation value over the vacuum state for the second-harmonic beam.
In the program this is performed by identifying b and b* as zero after the
normal ordering of the operators. The program is very simple (just few lines of
code) and very effective (just few seconds on a Dual PIII 450 MHz machine
under Linux).

FORM by J.Vermaseren. Version 1.1 Dec 14 1998
* calculates Taylor series terms for harmonics generation

nwrite statistics;
Symbols n,k;

Function T,a,ad,b,bd,x,y;
Set aa:a,ad;

Set bb:b,bd;

* definitions

#define MAX "16"

* Hamiltonian

Local H=ad*ad*b+a*xa*xbd;

* operator the evolution we are looking for
Local TO=ad*a;

.sort

* main loop

#do i=1, ’MAX’
Local T{’i’} = (T{’i’-1}*H-H*xT{’i’-1})/i_/’1i’;
repeat;

id x?bb*y?aa=y*x;
endrepeat;
.sort
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repeat;

id a*ad=ad*a+1;
id b*bd=bd*b+1;
endrepeat;
.sort

#enddo;

id b=0;

id bd=0;

id x7=x(1);
repeat;

id x?(n?)*x7(k?)=x(n+k) ;
endrepeat;
print;

.end

* results

TO = ad(1)*a(1);

T6 = - 136/45*ad (4)*a(4) - 128/45%ad(3)*a(3) - 16/45*ad(2)*a(2);

T8 = 992/315*ad(5)*a(5) + 184/35%ad(4)*a(4) + 416/315*ad (3)*a(3)
+ 16/315*ad (2)*a(2);

T10 = - 44224/14175%ad(6) *a(6) - 4544/567*ad (5)*a(5) - 12128/
2835+*ad (4) *a(4)
- 1024/2835%ad (3) *a(3) - 64/14175%ad (2)*a(2);

T11 =0;

73
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T12 = 1398016/467775%ad (7)*a(7) + 730976/66825*ad (6) *a(6)
+914944/93555*ad (5) *a(5) + 67904/31185*ad (4)*a(4)
+2816/42525%ad (3)*a(3) + 128/467775%ad(2)*a(2);

T13 = 0;
T14 = - 118984832/42567525%ad (8) *a(8) - 65317888/4729725%
ad(7)*a(7)
- 12242816/654885%ad (6) *a(6) - 1856000/243243*ad (5) *a(5)
- 4741376/6081075%ad (4) *a(4) - 4096/467775%ad (3)*a(3)
- 512/42567525%ad (2) *a(2) ;

T15 = 0;

T16 = 1639572992/638512875%ad (9) *a(9) + 2102147456/
127702575%ad (8) *a (8)
+ 20049444736/638512875%ad (7) *a(7) + 378236224/
18243225*ad (6) *a(6)
+ 43331584/10135125%ad (5) *a(5) + 6365056/30405375%ad (4) *a(4)
+ 559616/638512875*ad (3) *a(3) + 256/638512875+ad (2)*a(2);

APPENDIX B

An example of the program that can be run using the free available software
OCTAVE [50] (under Linux) or the commercial software MATLAB [51] (under
Linux or MS Windows). The program calculates numerically the intensity of the
second-harmonic using the procedure of diagonalizing the interaction Hamilto-
nian described in the text (Section III.D).

% program intensity.m

% calculates the intensity of the second-harmonic

% using diagonalization of the interaction Hamiltonian
% int2 - second-harmonic intensity

% intl - fundamental mode intensity

clear

nav=input (’ mean number of photons: ’);
nmax=input (’ nmax: ’);

tmax=input (’ taumax: ’);
t=0:tmax/511:tmax;

tic;
int2=zeros(1,512);
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% Poisson distribution
b(1)=exp(-nav);
b(2)=b(1)*nav;

for n=2:nmax
b(n+1)=b(n)*nav/n;

% calculates the Hamiltonian H
nd=floor(n/2)+1;

ndi=floor((nd-1)/2);

hk=zeros(nd-1,1);

for k=0:nd-2

hk(k+1,1)=sqrt ((k+1)*(n-2*k) * (n-2xk-1) ) ;
end

H=diag(hk,1)+diag(hk,-1);

% diagonalization with scaling
[u el=eig(H./sqrt(2*nav));
% [uel=eig(H);

[e 1]1=sort(diag(e));
u=u(:,1);

% calculation of the intensity
cz=0;
for k=0:nd-1;
c=0;
if rem(k,2)==0;
for 1=0:nd1;
c=c+u(k+1,1+1)*u(1,1+1) *cos(e(1+1,1)*t);
end
else
for 1=0:nd1;
c=c+u(k+1,1+1)*u(l,1+1)*sin(e(1+1,1) *t);
end
end
c=2%c;
if rem(nd+1,2)==0;
c=c-u(k+1,nd1+1)*u(l,nd1+1);
end
cz=cz+k*c. 2;
end
int2=int2+b(n+1) *cz; % second-harmonic intensity

end
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N L

<]

intl=nav-2*int2; % fundamental intensity
r=intl/nav;

toc

plot(t,r);

xlabel(’time’),ylabel(’intensity ’);
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I. INTRODUCTION

The concept of optical interference began with the Michelson and Young’s
experiments [1], in which a beam of light is divided into two beams and, after
traveling a distance long compared to the optical wavelength, these two beams
are recombined at an observation point. If there is a small path difference
between the beams, interference fringes are found in the observation (recom-
bination) point. The observation of the fringes is a manifestation of temporal
coherence (Michelson interferometer) or spatial coherence (Young interferom-
eter) between the two light beams. The interference experiments played a
central role in early discussions of the dual nature of light, and the appearance
of an interference pattern was recognized as a demonstration that light is a
wave. The interpretation of the interference experiments changed with the birth
of quantum mechanics, when corpuscular properties of light showed up in many
experiments. According to the quantum-mechanical interpretation, given by
Dirac [2], the interference pattern observed in the Young double-slit experiment
results from a superposition of the probability amplitudes of a single photon to
take either of two possible pathways.

The phenomenon of optical interference can be observed not only between
two light beams but also between radiation fields emitted from a small number
of atoms or molecules, or even in the radiation field emitted from a single
multilevel system [3]. The atoms or atomic transitions can be regarded as point
sources of radiation, similar to the slits in Young’s original experiment. In this
case interference results from a superposition of the transition amplitudes
between quantum states of the atom, and this phenomenon has been designated
as quantum interference. The essential feature of quantum interference is the
existence of linear superpositions of the atomic states that can be induced by
external or internal fields, or even by the coupling of the atomic states through
the environment (vacuum field). The existence of interference among multi-
channel transitions in atoms or molecules is one of the fundamental aspects of
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quantum mechanics that demonstrates the difference between a superposition of
states and a mixture of states.

The interest in quantum interference stems from the early 1970s when
Agarwal [4] showed that the ordinary spontaneous decay of an excited de-
generate V-type three-level atom can be modified due to interference between
the two atomic transitions. The analysis of quantum interference has since been
extended to other configurations of three- and multilevel atoms and many
interesting effects have been predicted, which can be used to control optical
properties of quantum systems, such as high-contrast resonances [5,6], electro-
magnetically induced transparency [7], amplification without population
inversion [8], and enhancement of the index of refraction without absorption [9].

Spontaneous emission arises from the coupling of a system to the environ-
ment and is a source of undesirable noise (decoherence), which imposes limits
on spectroscopic measurements, population inversion, and quantum information
processing. The control and suppression of spontaneous emission is very
significant in the context of quantum computation, teleportation, and quantum
information theory. Thus, ways of reducing decoherence are of particular
importance. Among the different methods proposed to suppress spontaneous
emission, quantum interference has been recognized as the most significant
mechanism for modifying and suppression of spontaneous emission.

The effect of quantum interference on spontaneous emission in atomic and
molecular systems is the generation of superposition states that can be
manipulated, to reduce the interaction with the environment, by adjusting the
polarizations of the transition dipole moments, or the amplitudes and phases of
the external driving fields. With a suitable choice of parameters, the super-
position states can decay with controlled and significantly reduced rates. This
modification can lead to subnatural linewidths in the fluorescence and absorp-
tion spectra [5,10]. Furthermore, as will be shown in this review, the super-
position states can even be decoupled from the environment and the population
can be trapped in these states without decaying to the lower levels. These states,
known as dark or trapped states, were predicted in many configurations of
multilevel systems [11], as well as in multiatom systems [12].

Although the trapping states have the common property that the population
will stay in such a state for an extremely long time, they can be implemented in
different ways. In a multilevel system the population can be trapped in a linear
superposition of the bare atomic states, or in a dressed state corresponding to an
eigenstate of the atoms plus external fields, or in some cases, in one of the
excited states of the system.

In this review we discuss the major effects resulting from the modification of
spontaneous emission by quantum interference. We begin in Section II by
presenting elementary concepts and definitions of the first- and second-order
correlation functions, which are frequently used in the analysis of the inter-
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ference phenomena. Section III describes the master equation approach used for
analyzing quantum interference effects in atomic and molecular systems. In
Sections IV and V we review the fundamental quantum interference effects in
spontaneous emission and in coherently driven systems. We discuss different
schemes for suppression of spontaneous emission and population trapping and
give an alternative explanation of these effects in the dressed-atom picture.
Sections VI deals with the problem of amplification on dark transitions, which
are important for information processing without spontaneous emission. The
effect of quantum interference on photon correlations is discussed in
Section VII. Multilevel systems composed of two transitions with parallel
dipole moments and methods for generating two transitions with nonorthogonal
dipole moments are briefly discussed in Section VIII. The final section
(Section IX) deals with the experimental demonstration of constructive and
destructive interference effects in a driven molecular system.

II. INTERFERENCE AND OPTICAL COHERENCE

The phenomenon of optical interference is commonly describable in completely
classical terms, in which optical fields are represented by classical waves.
Classical and quantum theories of optical interference readily explain the
presence of an interference pattern, but there are interference effects that
distinguish the quantum (photon) nature of light from the wave nature. In this
section, we present elementary concepts and definitions of both the classical and
quantum theories of optical interference and illustrate the role of optical
coherence.

A. Classical Interference
1. First-Order Coherence

The Young’s double-slit experiment is the prototype for a demonstration of an
optical interference and for all quantitative measurements of so-called first-
order coherence. The presence of the interference fringes in the experiment may
be regarded as a manifestation of the first-order coherence.

A schematic diagram of an interference experiment of the Young type is
shown in Fig. 1. Two light beams of amplitudes E;(ry,7;) and E;(r,, 1)
produced at two slits S; and S, located at r; and r;, respectively, incident on
the screen at a point P. The resulting field detected at the point P is a linear
superposition of the two fields

E(th) :El(th) +E2(va) (1)

where E;(R,?) is the electric field produced by the ith slit and evaluated at the
position R of the observation point P. We can relate the field E;(R, 1) to the field
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Figure 1. Schematic diagram of the Young’s double-slit experiment.

E;(r;,t — 1;) at the position of the ith slit. This is given by the relation [1]

E(R.1) = 2 E(Ry.1 — 1) @

i

where R; = |R — r;| denotes the distance between the point R on the screen and
the position of the ith slit, = R;/c, and q; is a constant that depends on the
geometry and the size of the ith slit.

The instantaneous intensity I(R,¢) of the combined field detected at the
point P at time ¢ is defined by a scalar product of the field amplitude and its
complex conjugate as

I(R,1) =E"(R,1) - E(R, 1) (3)
and substituting Eqs. (1) and (2), we obtain

IR, 1) = [ PL(Ry,t — 1) + 12 (R, £ — 1)
+ ZRG(MTMQET(Rl, t— l‘]) . EQ(RQ, t— lz)) (4)
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where I;(R;, t — 1;) is the intensity from the ith slit in the absence of the other, and
u; = a,‘/R,'.
Hence, the average value of I(R, r) over an ensemble of different realizations
of the field may be written as
(IR, 1) = i [* (L (Ry, 1 — 1)) + [ (bR, 1 — 1))
+2Re{uTu2G(l)(R1,t—tl;Rz,t— IQ)} (5)

where
G(l)(Rl,l‘— ll;Rz,l— lz) = <ET(R1,Z— l‘l) . Ez(Rz,l— lz)> (6)

is the first-order correlation function between the field at R, and the complex
conjugate field at Ry, at times #, and #;, respectively.
It is convenient to introduce the normalized first-order correlation function as

GY(Ry,1;Ry, 1)
VGO Ry, 113 Ry, )GV (Ry, 15; Ry, 1)
B GY(Ry,t1;Ry, 1)

B VIR, 1)L(Ry, 1)

sV (R, 15 Ry, 1) =

(7)

satisfying the condition 1 < | g“)\ < 1. The normalized correlation function (7)
is often called the degree of coherence and g") = 0 for two independent fields,
whereas g!!) = 1 for the perfectly correlated fields. The intermediate values of
gM (0 < |gV| < 1) characterize a partial correlation (coherence) between the
fields.

The average intensity (I(R,)) at the point P depends on g(!) and in the case
of identical slits (u; = u) and the perfectly correlated fields (|g(V)| = 1), the
intensity can vary from (V7] — vh)* to (vI + v/I)?, giving so-called inter-
ference pattern. Thus, for equal intensities of the two fields (I} = I, = ), the
total average intensity can vary at the point P from (I) . = 0to (I) . = 4(ly),
giving maximal interference pattern. For two independent fields, g!!) = 0, and
than the resulting intensity at P is just a sum of the intensities of the two fields
that does not vary with the position of P.

The usual measure of the depth of modulation (sharpness) of interference
fringes is a visibility in an interference pattern defined as

,V(R) <1(R7 t)>max — <1(R7 t)>min (8)

<I(R7 t)>max + <I(R7 t)>min ,

where (I(R, 7))
the point P.

max and (I(R, 7)) .. represent the intensity maxima and minima at
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Since
(D = (I) + (1) + 21D |8 (9)
and
(Din = (I) + () = 2V/TiL g1 (10)
we obtain
2T |,
"V(R)Zm|g(>| (11)

Thus, |g'")| determines the visibility of the interference fringes. In the special
case of equal intensities of the two fields (I, =1), Eq. (11) reduces to
7" (R) = |gW]; |gV)| is then simply equal to the visibility. For perfectly
correlated fields |g()| = 1, and then #"(R) = 1, while #"(R) = 0 for uncorre-
lated fields. When I} # I, the visibility is always smaller than one even for
perfectly correlated fields. This fact is related to the problem of extracting which-
way information has been transferred through the slits into the point P. The
observation of an interference pattern and the acquisition of which-way
information has been transmitted are mutually exclusive. We can introduce an
inequality according to which the fringe visibility ¥~ displayed at the point P and
an absolute upper bound on the amount of which-way information & that can be
detected at the point P are related by [13]

TP+ 92 <1 (12)

Hence, the extreme situations characterized by perfect fringe visibility (7" = 1)
or full knowledge of which way information has been transmitted (2 = 1) are
mutually exclusive. In order to distinguish which-way information has been
transmitted, one can locate an intensity detector at the point P and adjust it to
measure a field of a particular intensity /;. When the fields coming from the slits
have the same intensities, the detector cannot distinguish which-way the detected
field came to the point P, so there is no which-way information available
(2 = 0) resulting in perfect fringe visibility (¥~ = 1). On the other hand, when
the intensities of the fields are different (I} # I,), the detector adjusted to
measure a particular intensity can distinguish which way the field came to the
point P resulting in the disappearance of the interference fringes. This is
clearly seen from Eq. (11); if I} > I, or I} < I, the visibility 7~ =~ 0 even for
| g(1)| = 1. The same arguments apply to frequencies and phases of the detected
fields.
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The information about the frequencies and phases of the detected fields is
provided by the argument (phase) of g!). Moreover, the phase of g(!)
determines positions of the fringes in the interference pattern. If the observation
point P lies in the far-field zone of the radiation emitted by the slits, the fields at
the observation point can be approximated by plane waves for which we can
write

E(Ri, t— t,') ~ (Ri, t)eii(mitﬁd)")

(R, t)e @Ri/exé) - j— 1 2 (13)
where o; is the angular frequency of the ith field and ¢; is its initial phase, which,

in general, can depend on time. We can center the frequencies around the average
frequency of the two fields as

1

0 = 030+§A
1
My = Mg —EA (14)

where @ = (o1 + ®,)/2 is the average frequency of the fields, and
A= ®; — ).

Since the observation point lies in far-field zone of the radiation emitted by
the slits, that is, the separation between the slits is very small compared to the
distance to the point P, we can write approximately

Ri:|R—ri|%R—l_(~r,~ (15)

where R = R/R is the unit vector in the direction R. Hence, substituting Eq. (13)
with (14) and (15) into Eq. (7), we obtain

gD(Ry, 11: Ry, 1) = |gV (Ry, 13 Ry, 1) |eMoR T2 o/ KR +50) (16)

where r;; = r, —r; is the distance between the slits, R = R +%R~ (ri+ ra),
3b = b, — by, ko = @g/c = 21m/hg, and Ay represents the mean wavelength of
the fields. Let us analyze the physical meaning of the exponences appearing on
the right-hand side (r.h.s) of Eq. (16). The first exponence depends on the
separation between the slits and the position R of the point P. For small
separations the exponence slowly changes with the position R and leads to
minima and maxima in the interference pattern. The minima appear whenever

kR -1, =(2n+1)m, n=0+1,+2,... (17)
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The second exponence, appearing in Eq. (16), depends on the sum of the position
of the slits, the ratio A/®g, and the difference d¢ between the initial phases of
the fields. This term introduces limits on the visibility of the interference pattern
and can affect the pattern only if the frequencies and the initial phases of the
fields are different. Even for equal and well-stabilized phases, but significantly
different frequencies of the fields such that A/m, = 1, the exponence oscillates
rapidly, with R leading to the disappearance of the interference pattern. Thus, in
order to observe an interference pattern, it is important to have two fields of well
stabilized phases and equal or nearly equal frequencies. Otherwise, no
interference pattern can be observed even if the fields are perfectly correlated.

The dependence of the interference pattern on the frequencies and phases of
the fields is related to the problem of extracting which way information has been
transferred to the observation point P. For perfectly correlated fields with equal
frequencies (A = 0) and equal initial phases (¢, = ¢,), the total intensity at
the point P is

(I(R)) = 2(y)(1 + coskoR - 1) (18)

giving maximum possible interference pattern with the maximum visibility
of 100%. When A # 0 and/or (¢, # ¢,), the total intensity at the point P is
given by

(I(R)) = 2<IO>{1 + (coskoR - r2) cos (koii’méo + 8(]))

— (sinkoR - 1) sin (koiewéo + 6d>> } (19)

In this case the intensity exhibits additional cosine and sine modulations, and at
the minima the intensity is different from zero, indicating that the maximum
depth of modulation of 100% is not possible for two fields of different
frequencies and/or initial phases. Moreover, for large differences between the
frequencies of the fields (A/wg>1) the cos (kof?w% +0¢) and
sin (konAU + d¢) terms rapidly oscillate with R and average to zero that washes
out the interference pattern. In terms of which-way information has been
transferred, a detector located in the point P and adjusted to measure a particular
frequency or phase could distinguish the frequency or the phase of the two fields.
Clearly, one could tell which way the detected field came to the point P. Thus,
whether which-way information is available depends on the intensities as well as
frequencies and phases of the interfering fields. Maximum possible which-way
information results in the lack of the interference pattern, and vice versa, the lack
of which-way information results in maximum interference pattern.
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2. Second-Order Coherence

The analysis of the interference phenomenon can be extended into higher-order
correlation functions. The first experimental demonstration that such correla-
tions exist in optical fields was given by Hanbury-Brown and Twiss [14], who
measured the second-order correlation function of a thermal field.

The second-order (intensity) correlation function of a field of a complex
amplitude E(R, ) is defined as

GP(Ry,11;Ry, 1) = (E*(Ry, 1)E*(Ra, 1) E(Ry, 12)E(Ry, 1))
= <I(R1,Z‘1)I(R2,Z‘2)> (20)

where I(Ry, #;) and I(R;, ;) are the instantaneous intensities of the field detected
at a point R at time #; and at a point R, at time 7,, respectively.
We can define the normalized second-order correlation function as

GY(Ry,11;Ry, 1)

(2)R 1H:Ry.1n) =
8 ( 1,01, 1N2, 2) G(l)(Rl,[])G<l>(R2,t2)

(21)

where G(l)(Ri, ti) = G“)(l{i7 ti; Ry, [,').
In the plane-wave approximation, the second-order correlation function (20)
can be written as

2
GY(Ry,t; Ry, 1) = Z (B (1)E; (1) Ei(12)Ej (1))
i,j.k,
% elk(Rl‘ri/+R2‘rU)el(¢’r+¢'k_¢l_¢j) (22)

where k = 2m/\ and X is the wavelength of the field. There are 16 correlation
functions contributing to the r.h.s. of Eq. (22), each accompanied by a phase
factor that depends on the relative phase of the fields.

The second-order correlation function has coherence properties completely
different from those of the first-order correlation function. An interference
pattern can be observed in the second-order correlation function, but in contrast
to the first-order correlation function, the interference appears between two
points located at R; and R,. Moreover, an interference pattern can be observed
even if the fields are produced by two independent sources for which the phase
difference ¢; — ¢, is completely random [15]. In this case the second-order
correlation function (22) is given by

GP Ry, 11; Ry, 1) = (I (1)) + (I3(12)) + 2{11 (1) o (12))
+ 2<11( ) ( 2)>COSkl‘12 . (Rl — Rz) (23)
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Clearly, the second-order correlation function exhibits a cosine modulation with
the separation R; — R, of the two detectors. This is an interference, although it
involves a correlation function that is of the second order in the intensity. Hence
an interference pattern can be observed even for two completely independent
fields. Similar to the first-order correlation function, the sharpness of the fringes
depends on the relative intensities of the fields. For equal intensities,
I, = I, = I, the correlation function (23) reduces to

1 _ _
G<2>(R1,t; Ry, 1) = 4<]§> 1+ 3 coskrpy - (R — Ry) (24)

where (AI2) = (I3) — (Iy)* is the variance of the field intensity.
In analogy to the visibility in the first-order correlation function, we can
define the visibility of the interference pattern of the intensity correlations as

Q) _ G
Gnax — G

¥ = T min (25)
Gmax + Gy

and find from Eq. (24) that in the case of a classical field, an interference pattern
can be observed with the maximum possible visibility of ¥~ = % Thus, two
independent fields of random and uncorrelated phases can exhibit an interference
pattern in the intensity correlation with a maximum visibility of 50%.

B. Quantum Interference

In the classical theory of light and optical coherence the field is represented by
complex vectorial amplitudes E(r,7) and E*(r, ), which absolute values are
complex numbers (c- numbers). In quantum theory of light the most important
physical quantity is the electric field, which is represented by the field operator
E(r, t). This Hermitian operator is usually expressed by the sum of two non-
Hermitian operators as

E(r,1) = EM(r, 1) + EO)(r, 1) (26)

where E(*) (EH) is the positive (resp. negative) frequency component of the
field.

In free space the frequency components can be expressed in terms of plane
waves as

R . h 1/2 i
B0 = (B000) =03 () ewaet @)
ks EOV
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where V is the volume occupied by the field, ay, is the annihilation operator for
the kth mode of the field of the polarization s, and ex, and oy are, respectively, the
unit polarization vector and the angular frequency of the mode.

In the case of the quantum description of the field, the first- and second-order
correlation functions are defined in terms of the normally ordered field operators
E™) and EC) as

GY(Ry,1;Ry, 1) = (BT (R, 11) - EM(Ry, 1))

GY(Ry,11;Ry, 1) = <E(_)(R17l1)E(_)(R27l2)
x EM(Ry, ) EN(Ry, 11)) (28)

where the average is taken over a state |i) of the field. Usually the state |¢) is an
initial state of the field.

If we introduce the density operator p for the field, we can rewrite the
correlation functions as

GV (Ry,11;Ry, 1) ZTT[PE(_>(R1,I1) EM (Ry,1)]
@(Ry,11;Ra, 1) = Tr{pE 7 (Ry, 1) E (Ry, 12)
x EM(Ry, 1) E (R, 1)} (29)

where the trace is taken over the initial state |i).

The correlation functions (28) described by the field operators are similar to
the correlation functions (6) and (20) of the classical field. A closer look into
Egs. (6), (20), and (28) could suggest that the only difference between the
classical and quantum correlation functions is that the classical amplitudes
E*(R,7) and E(R,7) are replaced by the field operators E(7)(R,7) and
E(“(R, t). This is true as long as the first-order correlation functions are
considered, where the interference effects do not distinguish between the
quantum and classical theories of the electromagnetic field. However, there
are significant differences between the classical and quantum descriptions of the
field in the properties of the second-order correlation function [16].

As an example, consider the simple case of two single-mode fields of equal
frequencies and polarizations. Assume that there are initially » photons in field 1
and m photons in the field 2, and that the state vectors of the fields are the Fock
states |{r;) = |n) and |\s,) = |m). The initial state of the two fields is the direct
/) = |n)|m). Inserting Eq. (27) into Eq. (28)
and taking the expectation value with respect to the initial state of the fields, we
find

2
G(2)(R1,z1;R2,t2) = <2ha)v> {n(n—1)+mm—1)

+2nm(1 + coskryy - (R; — Ry)]} (30)
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We note that the first two terms on the r.h.s. of Eq. (30) vanish when the number
of photons in each field is smaller than 2, that is, n < 2 and m < 2. In this limit
the correlation function (30) reduces to

ho
2€QV

2
G(z)(Rh t1;Ry, 1) = 2( ) [1+ coskryy - (R; — Ry)] (31)

Thus, perfect interference pattern with visibility ¥~ = 1 can be observed in the
second-order correlation function of two quantum fields each containing only
one photon. As we have noted in Section II.A, the classical theory predicts only a
visibility of ¥~ = 0.5. For n,m > 1, the first two terms on the r.h.s. of Eq. (30)
are different from zero (m(m — 1) ~n(n— 1) ~ n?), and then the quantum
correlation function (30) reduces to that of the classical field.

It follows from Eq. (31) that the second-order correlation function vanishes
when

kry - (R] — Rz) = (2}1 + 1)713, n=04+1,4+£2, ... (32)

In other words, two photons can never be detected at two points separated by an
odd number of A./2ry,, despite the fact that one photon can be detected anywhere.
The vanishing of G (R}, 1; Ry, 1) for two photons at widely separated points
R, and R; is an example of quantum-mechanical nonlocality, that the outcome of
a detection measurement at R; appears to be influenced by where we have
chosen to locate the R, detector. At certain positions R, we can never detect a
photon at R; when there is a photon detected at R,, whereas at other position R,
it is possible. The photon correlation argument shows clearly that quantum
theory does not in general describe an objective physical reality independent of
observation [17].

The visibility of the interference pattern of the intensity correlations provides
a means of testing for quantum correlations between two light fields. Mandel et
al. [18] have measured the visibility in the interference of signal and idler modes
simultaneously generated in the process of degenerate parametric downconver-
sion, and observed a visibility of about 75%, that is a clear violation of the upper
bound of 50% allowed by classical correlations. Richter [19] has extended the
analysis of the visibility into the third-order correlation function and also found
significant differences in the visibility of the interference pattern of the classical
and quantum fields.

III. MASTER EQUATION OF TWO COUPLED
DIPOLE MOMENTS

In this section, we present a derivation of the master equation for the density
operator of two arbitrary dipole moments driven by an external field and
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coupled to the quantized three-dimensional vacuum field. The dipole moments,
which we will call “bare” systems, are represented by dipole operators

iy =mS) +niSy
iy = 1S + 158, (33)

where S/ (S;7) is the dipole raising (resp. lowering) operator and ; is the dipole
matrix element of the ith system. The dipole moments are assumed to oscillate
with different frequencies ®; and m,, and are coupled to the quantized three-
dimensional multimode electromagnetic field whose modes are in a vacuum
state. The knowledge of the density operator of the two systems, coupled through
the vacuum field, will allow us to calculate correlation functions of the dipole
operators that contain the information about correlations and coherences
between the two systems.

A. Correlation Functions for Atomic Operators

In the preceding section we have shown that the correlation functions of the
quantized field can be calculated if we know an initial state or the density
operator of the field. As we see in this section, the phenomenon of interference
can be described not only for light beams but also for electromagnetic (EM)
fields spontaneously emitted from atoms, molecules, or even for the EM field
emitted from single multilevel systems. In this case the correlation functions of
the EM field can be related to the correlation functions of the variables of the
systems, such as the dipole operators S.

The relation between the positive frequency part of the electric field operator
at a point R = RR in the far-field zone of the radiating systems and the dipole
moments is given by the well-known expression [4,20]

R N 1 SRx (Rxp, R

ENR, 1) =E" R, 1) - gi;%mi S; (t — ;) (34)
where S is the dipole lowering operator of the ith system p; and ; are the
transition dipole matrix element and the angular frequency, respectively, and
E(()+>(R, t) denotes the positive frequency part of the field in the absence of the
radiating systems.

If we assume that initially the field is in the vacuum state, then the free-field
part l:](()H(R7 t) does not contribute to the expectation values of the normally
ordered field operators, and we obtain the following expressions for the first-
and second-order correlation functions

2

GU(R,1) =Y Ty(S7(1)S; (1)) (35)

ij=1
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and

2
GOR, ;R n) = Y Tl (ST (1)S7 (12)S; (22)S; (1)) (36)
ij k=1

where I'; = I'; is the spontaneous decay rate of the ith system, while

2, /00?0313
Ly = 33 MKV [ilj cos® (i #J) (37)
is the so-called cross-damping rate arising from the vacumm induced coupling
between the dipole moments. The cross-damping rate is sensitive to the mutual
polarization of the dipole moments of the two systems, which we represent by
the angle 0. If the dipole moments are parallel, 6 = 0°, and the cross-damping
rate is maximal with I';, = /I"1I';, while I';; = O if the dipole moments are
perpendicular (6 = 90?).

It is seen from Eq. (36) that the second-order correlation function of the EM
field emitted from the two systems depends on various two-time dipole
correlation functions of the form (S;(#1)S; (12)S; (12)S; (11)). The functions
are proportional to the probabilities of detecting two photons emitted from the
same (i =j) or different (i #j) bare systems. For example, the correlation
function (S| (11)S5 (2)S5 (2)Sy (11)) is proportional to the probability of detect-
ing a photon at time #, emitted from system 2 if a photon emitted from the
system 1 was detected at time #;.

The second-order correlation function (36) also depends on the dipole
correlation functions of the form (S} (¢1)S; (£2)S7 (2)S5 (#1)), which result
from correlations of photons emitted from a superposition of the bare systems.

B. Hamiltonian of the System

The total Hamiltonian describing the energies of the systems, electromagnetic
field and interactions, in the electric dipole and RWA (rotating-wave approx-
imation) approximations [21], is composed of four terms

H=H;+H,+Hy + HY’lH (38)

where

H, = ho,STSy + haonS; Sy (39)

is the Hamiltonian of the two bare systems

1
Hy= ho (a,tsaks + E) (40)

ks
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is the Hamiltonian of the three-dimensional multimode electromagnetic field
1 .
Hy = — Eh[(lel+ + Q87 e~ @) L Hoe ) (41)

is the interaction of the systems with the coherent laser field, and

Z{ gkr Sl +u2 gkr( )S;]aks + HC} (42)

is the interaction of the bare systems with the multimode vacuum field (H.c.
denotes Hermitian conjugation). Here, ®; and ¢, are the frequency and the phase
of the driving laser field, respectively, Ezlts and ay, are the creation and
annihilation operators of a photon in the mode (k,s) with wavevector k and
polarization s

" 1/2

C ik-r

, — ] ege 43
1 (r) = (mm&n)) X (43)

is the mode function of the three-dimensional multimode vacuum field, evaluated
at the position r of the radiating dipole moment, and

. E ik, -r
0, :"’% (44)

is the Rabi frequency of the ith system with E; and k; denoting the amplitude
and the wave vector of the driving field, respectively. For a single laser coupled to
both systems the Rabi frequencies €2, and {2, are related by

L, cos B
=0 45
: : 1, cos B, (43)

where 0; is the angle between p; and the polarization vector of the laser field and
W, = |w,;| is the magnitude of the ith dipole moment.

C. Master Equation

Having available the total Hamiltonian of the system, Eq. (38), we can write the
Schrodinger equation for the density operator p; of the total system, the bare
dipole systems plus the EM field, as

0
lha pr = [H, pr] (46)



QUANTUM INTERFERENCE IN ATOMIC AND MOLECULAR SYSTEMS 95
Since we are interested in the interaction of the bare dipole systems with the
vacuum field, which is the source of spontaneous emission, we make the unitary
transformation

f)T(t) — eiUz/hpTe—iUt/h (47)

and find that the transformed density operator satisfies the equation

i Br(t) = [ole) pr(0)] (48)
where
Hy,(t) = V" Hy, e V1" (49)
and
U=H,+H,+Hy (50)

Formally integrating the equation of motion (48) gives

Br0) = r(0) + 5 [ A, (1) (51)
0

Substituting Eq. (51) into the r.h.s. of Eq. (48), and after tracing over the field
variables, we find that the reduced density operator p(¢) = Trrps(t) of the bare
systems satisfies the integrodifferential equation

%NQ:%ﬂHEW%m@”

i R S CRON R IS

We now make two approximations [22] regarding to the density operator of the
total system appearing on the r.h.s. of Eq. (52):

1. The Born approximation, in which the interaction between the systems
and the field is supposed to be weak, so there is no the backreaction effect
of the systems on the field

pr(t —1) = p(t — 1)pr(0), (53)

where pp(0) is the density operator of the field.
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2. The Markov approximation, in which we assume that the correlation time
of the EM field is much shorter than the timescale of radiation processes
of the bare systems. This approximation is equivalent to the white-noise
(broadband) description of the EM field modes, and allows us to replace

p(r —1) by p(2).
Applying the Born and Markov approximations to Eq. (52) and assuming
that all modes of the EM field are in a vacuum state, defined by

Trr[pp(0)ak,] = TrF[pF(O)aks] =0
Trr[pr(0)ak,dy,] = 8 (k — k/)&s . Trplpp(0)afwy] =0
Trr[pr(0)af, ] = Trr[pp(0)anséney] = 0 (54)
we obtain

2l = f%[ﬂe, 0

——ZFU (STS7p() + p()S; S, — 28 p(1)S}) (55)

l,/l

where
H, = nd\7)StSy +1d57)S5 Sy + md\Vs; st + nalts, st
+ 18\, (STSy +85S7) + h8\y (S7ST + 85°8]) (56)

is the vacuum induced coherent term. The parameter

N=Ti=nY g0 k-k) (=12  (57)
ks

is the spontaneous damping rate of the ith system resulting from the coupling of
the system to the vacuum field, and

:p_nZ: g (Ol - g, (0] (k —ko) (i #£j)  (58)

are cross-damping rates arising from the coupling of the bare systems through the
vacuum field, and ko = (ki + k2)/2.
The remaining parameters appearing in Eq. (55) are

P 1
o == E . AP —— 59
i c - |uz gks(r)| kik() ( )
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and

1

35 =23 - (0 - g

ks

(60)

which represent a part of the Lamb shift of the frequencies of the bare systems
and the vacuum induced coherent coupling between the systems, respectively,
and P refers to the Cauchy principal value.

The I'; and I', terms appearing in Eq. (55) are the standard damping terms
of the bare systems. The I'j; and I';; terms in this equation arise from the
coupling of the bare systems through the vacuum field. These two terms
distinguish the dissipative part from master equations of independent systems.
The parameters ;" can be considered as a part of the frequencies ®; and w,,
and thus they can be included into the dynamics by redefining the frequencies to
0; = 0; + SIH. However, the parameter 6%) does not appear as a shift of the
energies, but contributes to the coherent coupling between the bare
systems [23,24]. Thus, the interaction of the systems with the vacuum field
not only produces spontaneous emission but also leads to a coherent coupling
between the systems.

To carry out the sums appearing in Eqgs. (57-60), we use the plane-wave
representation (43) of the vacuum modes and work in the spherical representa-
tion of the unit orthogonal polarization vectors ey and ex,. Substituting Eq. (43)
into Egs. (57-60), and evaluating the sums over k and s, we obtain

3.2
r, — ko
6meph

L= VIR - py) = VIT2cosd = py/ T, (62)

(i=1,2) (61)

and

8&):&PJOC dh— (63)
27 n ) o T k+tk

where J; is the unit vector along the ith dipole moment, k = |k| and k; = o;/c.
The magnitude of the parameters (62) and (63) depends on the mutual orientation
of the dipole moments, which can be represented by the angle 6 or equivalently
by the parameter p = cos6. The vacuum induced terms vanish when the dipole
moments of the two systems are perpendicular (p = 0). For parallel dipole
moments (p = 1) the parameters attain their maximal values.
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On transforming Eq. (55) into the Schrodinger picture, the master equation of
the system takes the form

i

p [H', p]

I

aP =
1 2

-3 > Ty(S/ S p+ pSSS; — 28 pS)) (64)

ij=1
where
H' = H,+ Hy + 18\, (SIS5 + S587) + hd\3) (5785 + 85°87) (65)

Equation (64) is the final form of the master equation that gives us an elegant
description of the physics involved in the dynamics of two interacting systems.
An important point is that the master equation is quite general and can be applied
to an arbitrary system composed of two dipole moments.

The presence of the additional damping terms I'j, may suggest that quantum
interference enhances spontaneous emission from two coupled systems. How-
ever, as we shall illustrate in the following sections, the presence of these terms
in the master equation can, in fact, lead to a reduction or even suppression of
spontaneous emission. According to Eq. (62), the reduction and suppression of
spontaneous emission can be controlled by changing the mutual orientation of
the dipole moments of the bare systems.

IV. QUANTUM INTERFERENCE AS A CONTROL
OF SPONTANEOUS EMISSION

The control and suppression of spontaneous emission is a topic of much current
interest because of the many possible applications in quantum computation,
teleportation, and quantum information theory. As spontaneous emission arises
from the interaction of an atomic system with the environmental modes, the
most obvious mechanism for modifying spontaneous emission is to place the
system in a frequency-dependent reservoir such as an electromagnetic cavity, an
optical waveguide, or a photonic bandgap material, which changes the density
of modes of the vacuum field into which the system can emit. For atoms in free
space, quantum interference has been recognized as the basic phenomenon for
controlling spontaneous emission. It was first shown by Agarwal [4] that the
decay of an excited degenerate V-type three-level atom can be modified by
interference between the two coupled atomic transitions, and a population
trapping can occur.



QUANTUM INTERFERENCE IN ATOMIC AND MOLECULAR SYSTEMS 99

A. Modification of Spontaneous Emission Rates

The traditional method to analyze conditions for modification of spontaneous
emission is to derive equations of motion for the probability amplitudes or
density matrix elements and solve them by direct integration, or by a transfor-
mation to easily solvable algebraic equations. Here, we discuss an alternative
approach proposed by Akram et al. [24] that allows us to identify conditions for
a modification of spontaneous emission directly in the master equation of two
arbitrary systems. In this approach, we introduce linear superpositions of the
dipole operators

SE=uS + Sy

S =St —uSy (66)
where
S V= vIs (67)
VIT+15] Iy +1y
and

jul® + Jof* = 1 (68)

which ensure that the transition to the superposition operators is an unitary
transformation. The operators S| and S represent, respectively, symmetric and
antisymmetric superpositions of the dipole moments of the two bare systems. In
terms of the operators (66), we can rewrite the dissipative part of the master
equation (64) in a form

Lap = —Tss(S;S;p+pS;S; —28pSy)

N

—Laa(S; S, p+pS; S, —28,pS,)

a

—TwW(SFS, p+pSFS, — 25, pST)

— Lus(S5Syp + pS; Sy — 287 pSy) (69)
where
ro 1(TT 4T3 +2TpyTiTy)
s ) Pl +F2
r _ (VT2 = Tio)v/ThIs
aa Fl + Fz
1(Ty =) (T I, =T
Fm = Fas = _( ! 2)( 2 12) (70)
2 ' +1Iy,
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Although in general the two forms (64) and (69) look similar, the advantage
of the transformed form (69) over (64) is obtained when the damping rates of
the original systems are equal (I'; = I'y). In this case I'y, = I';; = 0, and then
the symmetric and antisymmetric superpositions decay independently with the
decay rates %(F +T,) and %(F —T'y»), respectively. In other words, for
I’y =T, the transformation (66) diagonalizes the dispersive part of the master
equation. Furthermore, if I'jp = +/I'1I'5, then Ty, =Ty, = I';; = 0 regardless of
the ratio between I'; and I';. In this case the antisymmetric superposition does
not decay. This implies that spontaneous emission can be controlled and even
suppressed by appropriately engineering the cross-damping rate I'y, arising
from the dissipative interaction between the systems.

B. Phase Control of Spontaneous Emission

Spontaneous emission in a multilevel atom can be controlled by changing not
only the mutual orientation of the dipole moments of two interfering transitions
but also the phase difference of driving lasers used for the excitation of the
atom.

Phase dependent effects in spontaneous emission have been predicted in
atomic systems with nonorthogonal as well as with orthogonal dipole moments.
In the first case the phase-dependent effects, which arise from quantum inter-
ference between two nonorthogonal dipole moments, can be observed with two
driving fields [25-28]. In the latter case the observation of phase-dependent
effects requires at least three driving fields [29,30]. It is of particular interest to
observe the phase-dependent effects, as they represent interference effects that
can be induced by driving fields even in the absence of the vacumm-induced
quantum interference.

Our review of the phase control of spontaneous emission will concentrate on
the example of a V-type atom with nondegenerate transitions and nonorthogonal
dipole moments driven by two laser fields. The lasers can have equal or different
frequencies and each laser can couple to only one or both atomic transitions.

The interaction Hamiltonian of the atom with two laser fields can be written
as

1 .
Hi = — 3 A1 (S} + s} e 001

+ (ST + 87 )e Ot ®) L He} (71)

where €2y, {2, are the Rabi frequencies and o, , ®;, are the angular frequencies of
the laser fields. The paramenters n stands for two possible configurations of the
coupling of the lasers to the atomic transitions. The case of n = 0 corresponds to
each laser only coupled to one of the atomic transitions, whereas mn =1
corresponds to the case of each laser coupled to both transitions.
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The dynamics of the system are determined by the master equation with the
interaction Hamiltonian (71). We make the following unitary transformation of
the density operator of the system

~ __ _iHyt

p = e/t pe=Hot (72)

with Hop = o, |1){1] + ®7,]3)(3], and find that the master equation of the
system takes the form

dp P
d_}::_ﬁ[HO"f‘Hintvp]
1 o
—3T1(S/S P+ SISy — 285, pS])

1 e
— 372878, b+ S; Sy — 25, 5S7)

1 ~ ~ ~ .
— —T12(SSSTP + pSySy — 287 pSy e l(0n ~0r )i+30)

2
1 )
—5Tn(S7Sy P+ PSSy — 25y psy)ellonontdl o (73)
where
Hy = A 1)(1] + A2[3)(3] (74)

~ 1 i
Hip = — Eh{Q] (STL + nS;g*’[((DLI *UJLZ)tJrSd)])

+ (S} elllOn o) 30 L gky L He} (75)

and A} = 0 — o, Ay = 0y — o, are the detunings of the laser fields from the
atomic transitions.

In the transformed form the n- and I"1,-dependent terms are accompanied by
a phase-dependent term, exp(+0¢). These terms are also accompanied by the
time-dependent terms exp [i(®;, — ®f,)#], which oscillate with the difference of
the laser frequencies. This shows that in any attempt to calculate phase-
dependent effects, it is important to assume that the lasers have equal fre-
quencies. Otherwise, for unequal frequencies the time-dependent terms rapidly
oscillate in time and average out over a long period of the detection time.
Furthermore, we note from Eq. (75) that in the case of n =1 a phase depen-
dence can be observed even in the absence of the vacuum induced quantum
interference terms (I';; = 0). Only for n = 0, that is, when each laser couples to
only one of the transitions, the phase terms solely depend on the vacuum
induced quantum interference. However, this condition can be achieved only for
an imperfect interference (p # 1) between the atomic transitions that the dipole
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moments of the transitions are not parallel. From an experimental point of view
the condition that each laser should only couple to one of two almost parallel
dipole moments may be difficult to achieve. Menon and Agarwal [26] have
proposed a scheme to overcome this difficulty using linearly polarized laser
fields. In this scheme one can select the polarizations of the laser fields E; and
E; such that p, - E; = p, - E; = 0. Since p, is not parallel to p,, we obtain that
pi-Ei #0and p, - E; #0.

In Fig. 2, we present the steady-state population inversion between the upper
state |1) and the ground state |2), computed from the master equation (73), for
n = 0 and different values of the phase difference 0¢ and the interference
parameter p. It is seen that in the presence of quantum interference the
population can be inverted on the |1) — |2) transition and the inversion can
be controlled by the phase difference between the driving laser fields [27].

Paspalakis and Knight [28] have considered a V-type three-level system
driven from an auxiliary level by two laser fields of the same frequencies. They
have predicted linewidth narrowing and cancellation of the fluorescenc, which
can be controlled via the phase difference between the two laser fields used for
the excitation. Ghafoor et al. [29] have considered a four-level system in which
quantum interference can be generated by three driving fields and have shown
that the linewidths and intensities of the spectral lines can be controlled by the
phases and amplitudes of the driving fields.

0.4 T T T T T

Figure 2. The steady-state population inversion W = p;; — p,, as a function of A = A} + A,
for two fields of the same angular frequencies, I'j = 6I', I, = I", 0, = 20I', 2, =T and different p
and 0¢: p =0.95,8¢ =0 (solid line), p = 0.95,8¢p = n (dashed-line), p = 0,6¢ = 0 (dashed-
dotted line).
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C. Population Trapping and Dark States

In the literature, the population trapping is often referred to as a consequence of
a cancellation of spontaneous emission. However, the cancellation of spontane-
ous emission from an atomic state not always leads to the trapping of the
population in this nondecaying state. We shall illustrate this by considering the
process of spontaneous emission from a V-type atom composed of two excited
states |1), |3) and the ground state |2). For simplicity, we assume that spon-
taneous emission occurs from the excited states to the ground state with the
same decay rates I'y = I'; = I', and the transition between the excited states is
forbidden in the electric dipole approximation. The allowed transitions are
represented by the dipole operators S} = (S7)F = |1)(2] and Sy =(S5 )=
[3)(2|. In the absence of the driving field (2; = =0), the master
equation (64) leads to the following equations of motion for the density matrix
elements

. 1
pi=-Tpy— EFIZ(pB + p31)

. 1
P33 = —I'ps3z — EFIZ(pB +P31)

P =T(p11 + p33) + Ti2(piz + P31)

. . 1

P13 = —(F + lA)plg, - EFIZ(pll + p33)

. . 1

P3; = —(F — lA)pgl - EFIZ(pll + p33) <76)

where A = ®; — o, is the frequency difference between the excited states and,
for simplicity, we have ignored the small coherent coupling terms 8%).

There are two different steady-state solutions of Eq. (76) depending on
whether the transitions are degenerate (A = 0) or nondegenerate (A # 0). This
fact is connected with the existence of a linear combination of the density
matrix elements

a(t) = pii(t) + pas(t) — pis(t) — pai (1) (77)

which, for A = 0 and I';; = I is a constant of motion [4,31].
In this case the steady-state solutions for the density matrix elements are

pra(50) = 53(0) (78)
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Therefore, if .(0) # 0, then a part of the population remains in the excited states
for all times ¢t > 0.

On the other hand, for A # 0 and/or I'j; # T the linear combination (77) is
no longer a constant of motion, and then the steady-state solutions for the
density matrix elements are

p11(00) = p33(00) = py3(00) = p3i(oc) =0
pr(o0) =1 (79)
In this case the steady-state solutions for the density matrix elements do not
depend on the initial state of the atom.

The steady-state behavior of the system can be explained in terms of
superposition states induced by the cross-damping I'j,. Introducing superposi-
tion states

1
[5) :%(IU +13))
1
) ZE(IU —13) (80)

we find from Eq. (76) the following equations of motion for the populations of
the superposition states:

1
EIA(pw - pas)

. 1 1.
Paa = _E(F - F12)paa +51A(Pw - pas) (81)

. 1
Pss = _E(F + Flz)pss -

A number of interesting conclusions follow from Eq. (81). In the first place, we
note that the superposition states decay at different rates, the symmetric state
decays with an enhanced rate (I' + I"j;), while the antisymmetric state decays at
areduced rate (I' — T'12). For I'j; = T, the antisymmetric state does not decay at
all. In this case the antisymmetric state can be regarded as a dark state in the
sense that the state is decoupled from the environment. Second, we note from
Eq. (81) that the state |a) is coupled to the state |s) through the splitting A, which
plays a role here similar to the Rabi frequency of the coherent interaction
between the symmetric and antisymmetric states. Consequently, an initial
population in the state |a) can be coherently transferred to the state |s), which
rapidly decays to the ground state. When A = 0, that is, the excited states are
degenerate, the coherent interaction does not take place and then any initial
population in |a) will stay in this state for all times. In this case we can say that
the population is trapped in the state |a).
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We can conclude that the cancellation of spontaneous emission not necessary
leads to the population trapping. The population can be trapped in a nondecaying
state only if the state is completely decoupled from any interactions.

V. QUANTUM INTERFERENCE EFFECTS IN
COHERENTLY DRIVEN SYSTEMS

The discussion, presented in Section IV, has been concentrated on analysis of
the effect of quantum interference on spontaneous emission in a V-type three-
level atom. With the specific examples we have demonstrated that spontaneous
emission can be controlled and even suppressed by quantum interference. In this
section, we extend the analysis to the case of coherently driven systems. We will
present simple models for quantum interference in which atomic systems are
composed of two coupled dipole subsystems. In particular, we consider
interference effects in coherently driven V and A-type three-level atoms. Each
of the three systems is represented by two dipole moments, p; and p,,
interacting through the vacuum field.

A. Three-Level V System

Our first example for quantum interference in driven atomic systems is a three-
level atom in the V configuration composed of two nondegenerate excited levels
|1) and |3) and a single ground level |2). The upper levels |1) and |3) can decay
to the ground level by spontaneous emission with decay rates I'; and I',
respectively, whereas transitions between the excited levels are forbidden in the
electric dipole approximation. The two decaying transitions have dipole
moments p;, and p, sharing the same ground level |2) and are represented
by the operators S; = (S7)' = |1)(2] and S§ = (S;)" = [3)(2|. The system can
be driven by a coherent laser field from an auxiliary level or the laser field can
directly couple to the decaying transitions.

1. Driving from an Auxiliary Level

Zhu and Scully [32] have shown that quantum interference in a V-type system,
driven by a laser field from an auxiliary level, can lead to the elimination of the
spectral line at the driving laser frequency.

The four-level system considered by Zhu and Scully is shown in Fig. 3. The
laser field is coupled to nondecaying |1) — |b) and |3) — |b) transitions, whereas
spontaneous emission occurs from the levels |1),|3) to the ground level |2).

The most direct approach to the analysis of the dynamics of the system is the
master equation (64) with the Hamiltonian H' given by

H' = ho S ST + honS5 S5 + hoy|b)(b]

1 .
= SHI(US, + QSh)e ™™ + Hel (82)
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Figure 3. Three-level V-type system driven from an auxiliary level.

where S|, = [1)(b| and S, = |3)(b| are the dipole raising operators for the
transitions between the upper levels |1), |3) and the auxiliary level |b).

The spectrum of the fluorescence field emitted on the |1) — |2) and
|3) — |2) transitions is given by the Fourier transform of the average two-
time correlation function of the dipole moments of the transitions that,
according to the quantum regression theorem [33], satisfy the same equations
of motion as the density matrix elements p,(¢) and p;,(¢). Using the master
equation (64) with the Hamiltonian (82), we obtain the following set of coupled
equations of motion for the density matrix elements

0

—X(r) = MX(7) (83)
ot

where X(7) = [p;2(t), p32(2), pPpa(?)] is a column vector composed of the density
matrix elements, and M is the 3 x 3 matrix

—(%F] —‘rlA]) _%Flz %IQI
M = — %FIZ —(% I, + ZAQ) %ng (84)
1ity 1ith 0

where A = oy, — ©p and A, = 3, — oy are the detunings of the laser field
from the |1) — |b) and |3) — |b) transitions, respectively.

Since we are interested in the time evolution of the density matrix elements,
we will need explicit expressions for the components X; of the vector X(¢) in
terms of their initial values. This can be done by a direct integration of (83).
Thus, if #y denotes an arbitrary initial time, the integration of (83) leads to the
following formal solution for X(7)

X(1) = X(to)eM (85)
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Because the determinant of the matrix M is different from zero, there exists a

complex invertible matrix T that diagonalize M, and L = T~'MT is the diagonal
matrix of complex eigenvalues, which can be found from the eigenvalue equation

1 1 1
7»(7&4-51—‘1 +iA1) (7\.+EF2 +iA2> —Zrlz(F127L+QlQ2)
+IQ x+1r +iA +IQ k+11“ +iA; ) =0 (86)
2 1 ) 2 T 1A 2 2 3 1 [ZAN I B

Following Zhu and Scully, we assume that 'y =T, =T, 0} = ), = Q) and that
the laser field is tuned to the middle of the upper-level splitting; A, = —A; =
%A. In this case, the cubic equation, Eq. (86), simplifies to

1 1 1 1
7{73+M+ZA2+Z(F2—F§)] +§Q2 {Mri(r—rn)] =0 (87)

There are two different solutions of Eq. (87) depending on whether I'j; = I" or
I'i; #7T. For T'j; =T, which corresponds to parallel dipole moments of the
transitions, and 2 > T the roots of the cubic equation (87) are

M =0
kzz—%FJr%i\/NJrzm
1 1., r——=

while for I'j; = 0, which corresponds to perpendicular dipole moments, and
Q > T the roots are

1
7\.] = —EF
Ay = 7;‘F+%i\/A2 + 202
ha = —%r —%i\/AZ +202 (89)

Thus, in the case of parallel dipole moments the spectrum is composed of two
lines of equal bandwidths (3T") located at frequencies +3+/A? 4 2Q? and there
is no the central component in the fluorescence spectrum at the laser frequency
wr. The eigenvalue A = 0 contributes to the coherent scattering of the laser field.
When I'j; = 0, the spectrum is composed of three lines: the central line of the
bandwidth %1" located at the laser frequency and two sidebands of bandwidths %F
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located at + % VA2 +202. The absence of the central line for I'j, = I is clear
evidence of the quantum interference cancellation of spontaneous emission into
the vacuum modes around the laser frequency.

Lee et al. [34] have shown that the physical origin of the cancellation of the
central line in the spectrum can be explained clearly by the dressed-atom model
of the system [35]. In this model we use a fully quantum-mechanical description
of the Hamiltonian (65), which in a frame rotating with the laser frequency oy,
can be written as

H' = Hop, + Vp (90)

where
Hop = hALSTS, + hA0SES; + hogalay (91)

is the Hamiltonian of the uncoupled system and the laser field, and

h _ _
Vi = —58l(S3, + S3))ar + a(Sy, + S3)] (92)

is the interaction of the laser with the atom. In Eq. (92), g is the system field
coupling constant and a, (aZ) is the annihilation (creation) operator for the
driving field mode.

For A, = —A;| = %A, the Hamiltonian H, has four nondegenerate eigen-
states |2, N), |b,N), 1), and |3, N — 1), where |i, N) is the state with the
atom in state |i) and N photons present in the driving laser mode. When we

include the interaction V,, the diagonalization of the Hamiltonian Hy, + V}
leads to the following dressed states of the system

|[+,N) = [(l—oc)|1 N—-1+(1+ao)3,N—-1)—2B|b,N)]
|0,N) = —B(|1 N—-1)—|3,N—1))+alb,N)
|—,N) = [(l—i—oc)\l,N—l}—k(l—oc)|3,N—l>+ZB|b,N)]
um-um (93)
with energies
Ey+ =Hh(No,+ Q')

ENﬁ() = hN(DL
EN,— = h(N(DL — Q,)
ENAQ = hN(DL (94)

where ' = 1VA? +202 o0 = A/2(), and = Q/20V.
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Figure 4. Dressed states of two neighboring manifolds, N + 1 and N. Solid arrows indicate
transitions at ®; & ' that are only slightly affected by quantum interference, while the dashed arrow
indicates the transition at the laser frequency ®;, which is strongly affected by quantum interference
and vanishes for parallel dipole moments and | p;,| = | ps,|.

Dressed states of two neighboring manifolds are shown in Fig. 4. The
manifolds are separated by ®;, while the states inside each manifold are
separated by (2. The dressed states are connected by transition dipole moments.
It is easily verified that nonzero dipole moments occur only between states
within neighboring manifolds. Using Eq. (93), we find that the transition dipole
moments between |i,N + 1) (i =0,—,+) and |2, N) are

(N+1,+[n2,N) = (1 —a)pyy + (1 + o)ps,
(N+1,0[p[2,N) = —B(p2 — 132)
(N+1,=[p[2,N) = —[(1 + 0)pyp + (1 — o)py,] (95)

whereas the transition dipole moments (N, 2|p|i, N — 1) between |2, N) and the
dressed states |i, N — 1) of the manifold below are equal to zero. It is evident
from Eq. (95) that transitions to the state |2, N) depend on the mutual
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polarization of the dipole moments p, and ps,. For p, || ps, and |py,| = |ps,l,
the transition dipole moment (N + 1,0|p|2,N) vanishes, resulting in the
disappearance of the central component of the fluorescence spectrum. When
I, and p3, are not parallel, all the transitions are allowed and three lines can be
seen in the spectrum.

The dressed-atom predictions clearly explain the origin of the cancellation of
the spectral line arising from the cancellation of the transition dipole moment
due to quantum interference between the two atomic transitions.

2. Direct Driving of the Atomic Transitions

Another area of interest in quantum interference effects, which has been studied
extensively, is the response of a V-type three-level atom to a coherent laser field
directly coupled to the decaying transitions. This was studied by Cardimona et
al. [36], who found that the system can be driven into a trapping state in which
quantum interference prevents any fluorescence from the excited levels,
regardless of the intensity of the driving laser. Similar predictions have been
reported by Zhou and Swain [5], who have shown that ultrasharp spectral lines
can be predicted in the fluorescence spectrum when the dipole moments of the
atomic transitions are nearly parallel and the fluorescence can be completely
quenched when the dipole moments are exactly parallel.

When the atomic transitions |1) — |2) and |3) — |2) are directly driven by a
laser field, the master equation (64) leads to the following set of equations of
motions for the density matrix elements

L P 1 . 1 N 1 .

Pio=(Pa) = 5’91 - {ZFI - 1<AL —2A)} P12 _Erlzpn
1
2

. N 1 . 1 N 1. .
P = (P3) = 5192 - {Erz - 1<AL +§A)} P32 _EFIZpIZ

) 1,
i$hpy; — 5191(2911 + p33)

1. 1.
- 5’91931 - 5’92(2933 +P11)
. . s 1 . 1
P31 = (P13) = — [5 (I +T2) — ZA} P31 — EFIZ(P% +p11)

| S | B
*Elﬂlpsz JFELQZle,

. 1 1. .
P11 =—T1py — §F12(913 +p31) +§lQI(le = Pi2)

. 1 | -
P33 = —L2p3z — §F12(P13 +P31) +5192(P23 - Pn) (96)
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where
[3_]'2 = pj2€i(mLt+¢L)a (./ = 173) (97)

and A; = o7 — %(m] + @,) is the detuning of the laser frequency from the
middle of the upper-level splitting.

The equations of motion (96) can be used to calculate the steady-state
fluorescence spectrum of the driven atom. The spectrum is defined as the
Fourier transform of the stationary value of the two-time correlation function of
the electric field operators

0.8}

Ao) = Rej dr lim (B (R, 1) - B (R, £ 4+ 1))e™ (98)

0 1—00

According to Eq. (34), the spectrum can be expressed in terms of the atomic
correlation functions as

Mo) =Re | de lim (T4 (57 ()5, ¢+ 9) + 2(55 (05, 0+ 9)

+ (ST (0)S; (1 + 1)) + (S5 ()7 (1 + 1)) e (199)

From the quantum regression theorem [33], it is well known that the two-time
averages (S (#)S, (r + 1)) satisfy the same equations of motion as do the one-
time averages (S, (f)) which, on the other hand, satisfy the same equations of
motion as do the density matrix elements p;(t).

In Fig. 5 we plot the fluorescence spectrum for a strong driving field tuned to
the middle of the upper-level splitting A. For small A the spectrum exhibits a
three-peak structure, similar to the Mollow spectrum of a two-level atom [37],
while for large A the spectrum consists of five peaks whose the intensities and
widths vary with the cross-damping term I'j;. When the dipole moments are
nearly parallel, I'j; = 0.9991", a significant sharp peak appears at the central
frequency superimposed on a broad peak. However, in the case of exactly
parallel dipole moments, I';; = I, and the fluorescence emission quenches
completely at all frequencies.

The dependence of the number of peaks on the splitting A, and the variation
of their intensities and widths with I'j, can be readily explained in terms of
transition rates between dressed states of the system. For the three-level system
discussed here, the Hamiltonian (65) takes the form

H =Hy+V, (100)



112 ZBIGNIEW FICEK

05 0.4 1
04 03 05
_ 03
8 0.2 0
< 0.2
01 0.1 ~05
0 0 1
=20 0 20  -20 0 20 =20 0 20
(a) (b) (c)
-3
0.4 : 4220 1
03 3 05
2 02 2 0
<
0.1 1 ~05
0 0 -
=20 0 20  -20 0 20  -20 0 20
(O] (0] (0]
d) (@) @

Figure 5. The fluorescence spectrum for the V-type three-level atom with nondegenerate
transitions driven by a strong laser field of the Rabi frequency 2 = 5", A, =0,y =T, =T, and
different A and T'jp: (a) A=T,T1,=0; (b) A=TT;p=0999T; (c) A=T,T;,=T; (d
A=5TT;=0;() A=5I'T1, =099 (f) A =5I'T, =T.

where
1 1
H() = _h<AL_§A>STSl_ —B(AL'FEA)S;S; —&-ho)LaZaL (101)
is the Hamiltonian of the uncoupled system and the laser field, and
hoviie- o o + gt
Vi = _58[“L<Sl +585) + (8] +85)ai] (102)

is the interaction between the laser field and the atomic transitions.
For Ay = 0, the Hamiltonian H, has three nondegenerate eigenstates |2, N),
[l,N — 1), and |3, N — 1), where |i, N) is the state with the atom in state |{) and
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N photons present in the driving laser mode. When we include the interaction
V. the triplets recombine into new triplets with eigenvectors (dressed states)

M) = 5 (= @)[1,N = 1) + (14 @)[3,N — 1) — 2Bj2, V)]
|0,N) = —B(]1,N — 1) — [3,N — 1)) + a|2,N) (103)

=Ny = SO 4 )L N = 1)+ (1= o)[3,N 1) +2B2, V)]

corresponding to energies

EN‘+ = h(N(,OL —+ Q)
EN70 = hN(,OL
Ey_ = Ti(Nog — Q) (104)

where Q0 = /A2 + 102 o0 = A/2Q), and B = Q/20.

The dressed states (103) group into manifolds, each containing three states.
Neighboring manifolds are separated by ;, while the states inside each
manifold are separated by (). Interaction between the atom and the vacuum
field leads to a spontaneous emission cascade down its energy manifold ladder.
The probability of a transition between any two dressed states is proportional to
the absolute square of the the dipole transition moment between these states. It
is easily verified that nonzero dipole moments occur only between states within
neighboring manifolds. Using (103) and assuming that p,; = py; = p, we find
that the transition dipole moments between |0, N) and the dressed states of the
manifold above are

1
(N +1,+|n|0,N) = 5“”[(1 —a) + (1 +o)cos6]
N+ 1,0nl0, N) = —ap(1 — cos)

<N+1,f|p|O,N>:f%au[(l+oc)+(lfoc)cose] (105)

whereas the transition dipole moments between |0, N) and the dressed states of
the manifold below are

(N,0[p|+,N — 1) = B*p(1 — cos0)
(N,0|p|O,N — 1) = —afp(1 — cosB)
(N,0ln|—,N — 1) = B*u(1 — cos6) (106)

where 0 is the angle between the dipole moments.
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It is apparent from Eq. (106) that transitions from the state |0,N) to the
dressed states of the manifold below are allowed only if the dipole moments are
not parallel. The transitions occur with significantly reduced rates, proportional
to (1 — cosB), giving very narrow lines when 6 ~ 0°. For parallel dipole
moments the transitions to the state |0, N) are allowed from the dressed states
of the manifold above, but are forbidden to the states of the manifold below.
Therefore, the state |0, N) is a trapping state such that the population can flow
into this state, but cannot leave it resulting in the disappearance of the
fluorescence from the driven atom. The nonzero transition rates to the state
|0, N} are proportional to o and are allowed only when A = 0. Otherwise, for
A =0, the state |0,N) is completely decoupled from the remaining dressed
states. In this case the three-level system reduces to that equivalent to a two-
level atom.

The preceding dressed-atom analysis shows that quantum interference and
the driving laser field create a “dressed’ trapping state that is a linear super-
position of the |a) and |2) states. This trapping state is different from the
trapping state created by quantum interference in the absence of the driving field
[see Eq. (80)], which is the antisymmetric state |a) alone. As is seen from
Eq. (103), the dressed trapping state reduces to the state |a) for a very strong
driving field (2> A).

An alternative way of viewing the process of the reduction of the dressed
trapping state to the state |a) in a very strong field is to analyze the equations of
motion for the density matrix elements in terms of the symmetric and
antisymmetric superpositions of the atomic excited states

1

1+r
1

Vi+r

|s) = (I1) +v/r(3)) (107)

:

|a) = (Vr(1) = 3)) (108)

where r =T, /T'y.
For I'y =T, =T and ©; = Q, = ) the equations of motion for the popula-
tions p, and p,, of the symmetric and antisymmetric states are

1, .
EIA(psa - pas) - l\/EQ(pZS - psZ)

L.
EZAODM - pax) (109)

. 1
Pss = _5(1 +p)vav -
. 1
Paa = _5(] _p)rpaa +

The first terms on the right-hand side of Eq. (109) determine the spontaneous
emission rates from the symmetric and antisymmetric states, while the second
terms determine the coherent interaction between these two states. Note that the
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antisymmetric state is not driven by the laser field and the equation of motion for
P has the same form as that in the absence of the driving field [see Eq. (81)].

We have shown in Section III, that in the absence of a driving field the
coherent interaction A between the symmetric and antisymmetric states can
destroy the population trapping. However, as it has been shown by Akram et
al. [24], the role of the coherent interaction can reverse in the presence of the
driving field. In this case the coherent interaction A can transfer the population
from the driven [s) state to the undriven and nondecaying |a) state. This is
shown in Fig. 6, where we plot the steady-state population p,, as a function of
Ay for different ). It is seen that the antisymmetric state is populated by the
presence of the coherent interaction A. The amount of population in |a)
increases with increasing {2 and attains the maximum value p,, ~ 1 at
Ap =0 and a very strong driving field. This effect can be interpreted as a
population trapping induced by the laser field and the coherent interaction
between the symmetric and antisymmetric states.

3. Quantum Interference in Probe Absorption

The narrow resonances produced by quantum interference may also be observed
in the absorption spectrum of a three-level atom probed by a weak field of the
frequency ®,. Zhou and Swain [10] have calculated the absorption spectrum of
a probe field monitoring V-type three-level atoms with degenerate (A = 0) as
well as nondegenerate (A # 0) transitions and have demonstrated that quantum

1 T T T
P — N .
0.6 // N 4
8 / \, )
< / \
0.4f ;o N i
. /S~ N\ \
/o AN
0.2f v NN ;
/ / \ AN
-7 / N\ ~
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ok - ~ _
~20 -10 0 10 20
AL

Figure 6. The steady-state population of the antisymmetric state |a) as a function of Ay for
I''=T,=T,A=5T,p=1, and different 2: Q =T (solid line), 2 = 5I" (dashed-line), 2 = 10"
(dashed-dotted line), 2 = 25T" (dotted line).
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interference between the two atomic transitions can result in very narrow
spectral lines, transparency, and even gain without population inversion.

The absorption spectrum can be given in terms of the Fourier transform of
the average value of the two-time commutator of the atomic dipole operators
as [38]

o0 .
Alw) =Re | dreor
0

x im Ty ([S7 (2 + 1), ST (0)]) + T[S, (1 + 1), S5 (1)])-
+ T[S (t+ 1), 85 () + {5y (1 + 1), ST O} (110)

where the terms (S; (r +1)S;"()) are associated with absorption and the terms
(S{(t+1)S; (1)) with stimulated emission of the probe field. The absorption
spectrum can be calculated from the equations of motion (96) in conjugation
with the quantum regression theorem. In the absence of the driving laser field
(2=0) and T';; = T, the absorption spectrum of a three-level atom with
degenerate transitions (A = 0) consists of a subnatural linewidth peak super-
imposed on a broad peak, both centered on the resonant frequency ®, = wy,
where g = 1 (@ + ©,).

This is shown in Fig. 7 and can be easily interpreted in terms of the
symmetric and antisymmetric superpositions of the excited atomic states. For
A =0and I'j; # T, the superposition states decay independently with the rates
(T'+Ty2) and (T — T'y), respectively. The broad peak, seen in Fig. 7, corre-
sponds to the absorption on the |2) — |s) transition of the linewidth (T + T'j5),
whereas the narrow peak of the linewidth (I" — I'y;) arises from the absorption
of the probe field on the |2) — |a) transition. When the dipole moments of the
atomic transitions are parallel, I'j = I', and then the dipole moment of the
|2) — |a) transition vanishes. In this case the probe only couples to the |2) — |s)
transition resulting in a single broad peak in the absorption spectrum, as seen in
Fig. 7d.

Figure 8 shows the absorption spectrum of a three-level atom with non-
degenerate transitions (A # 0). One notable feature of the absorption spectrum
is a single broad peak with a narrow hole burned at the average atomic transition
frequency wy. The hole changes into a dispersive structure for unequal damping
rates of the atomic transitions. The origin of the hole burning is in the coherent
oscillations of the population between the symmetric and antisymmetric states.
The oscillations are induced by the coherent interaction A, and can be readily
understand from Eq. (109), which shows that the population coherently
oscillates between the |s) and |a) states with frequency A/2.

The shape of the dip in the absorption spectrum can be obtained by finding
the analytical form of the absorption spectrum. Using Eqgs. (96) and (110), we
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Figure 7. The absorption spectrum as a function of ® = w, — wy for degenerate transitions
with A =0 and various T'j: (@) T';p =0; (b) T';p =0.9yT'1T,; (¢) T =0.99/TT,; (d)
I'12 = /I'1 ;. The solid line represents I'; = I',, while the dashed line corresponds to I'; = 0.1T;.

find that in the limit of a small splitting of the upper states (A < I';,T',), the
spectrum is given by

(A
24+ 0’ (A/4AT)? + o2

A(w) ~2 (111)

where, for simplicity, we have assumed I'; = I', = I'. We see from Eq. (111) that
the width of the hole depends on A and can be very narrow for A < T.
Moreover, for A ~ 2T, the absorption at the centre of the hole approaches zero,
resulting in transparency of the probe field at this frequency. The simple formula
in Eq. (111) predicts accurately the depth and width of the dip seen in Fig. 8.
Zhou and Swain [10] have shown that in the presence of initial correlations
between the upper states, the hole in the center of the spectrum can reach
negative values, indicating that the probe can be amplified as a result of quantum
interference. Paspalakis and Knight [39] have calculated the absorption
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Figure 8. The absorption spectrum as a function of ® = ®, — wy for nondegenerate transitions
with A = %Fl and various I'jp: (a) ', =0; (b) T'jp =0.9y/I'11'; (¢) I';p =0.99y/T'11; (d)
I'1o = /I'1 ;. The solid line represents I'; = I',, while the dashed line corresponds to I'; = 0.1T';.

spectrum and refractive index of a V-type three-level atom driven by coherent
and incoherent fields and have found that quantum interference enhances the
index of refraction and can produce a very strong gain without population
inversion.

B. Three-Level A System

It has been known for a long time that in a A-type three-level atom with two
transitions of perpendicular dipole moments (I'y; = 0) driven by two laser
fields, the population can be trapped in the ground states of the atom. This
phenomenon, known as coherent population trapping (CPT) has been theore-
tically investigated by Arimondo and Orriols [40], Gray et al. [41], Orriols [42],
and experimentally observed by Alzeta et al. [43]. Coherent population trapping
has been examined in review articles by Dalton and Knight [44] and
Arimondo [45]. Javanainen [46], Ferguson et al. [47], and Menon and
Agarwal [26] have examined the effect of quantum interference between the
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atomic transitions on the CPT and have demonstrated that the CPT effect
strongly depends on the cross-damping term I'|, and disappears when I'j; = T'.

The CPT effect and its dependence on quantum interference can be easily
explained by examining the population dynamics in terms of the superposition
states |s) and |a). Assume that a three-level A-type atom is composed of a single
upper state |3) and two ground states |1) and |2). The upper state is connected to
the lower states by transition dipole moments p;; and p;,. After introducing
superposition operators S = (SS’)T =13)(s| and S} = (S;)T = |3){al, where |s)
and |a) are the superposition states of the same form as Egs. (107) and (108), the
Hamiltonian (65) can be written as

1 1
H = —h{ (AL - 5A’)s;sj + (AL + EAI) A

1 rQ
+ Ac(S; ST+ S,85) + 5\/% (87 + Ss)} (112)
where
1
= [(T1 = T2)A + 481/ 1] (113)
I'i+TI
and
1
c=————[0p('y = TL) — Ay/I'| T 114
o, B~ ) - AVIIT) (114)

As before, A = ©; — 0y, AL = 0 — %(ml + @), and we have assumed that
Q =0, =0

From the master equation (64) with the Hamiltonian (112), we derive the
following equation of motion for the population p,, of the antisymmetric state:

T,
I+

paa (1 —P)P33 _iAC(pas_ psa) (115)
The equation of motion (115) allows us to analyze conditions for population
trapping in the driven A system. In the steady state (p,, = 0) with p # 1 and
A, =0 the population in the upper state p;; = 0. Thus the state |3) is not
populated even though it is continuously driven by the laser. In this case the
population is entirely trapped in the antisymmetric superposition of the ground
states. This is the CPT effect. However, for p = 1 and A, = 0, the antisymmetric
state decouples from the interactions, and then the steady-state population ps; is
different from zero [46]. This shows that coherent population trapping is possible
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only in the presence of spontaneous emission from the upper state to the anti-
symmetric superposition state. Thus, we can conclude that quantum interference
has a destructive effect on the CPT. Menon and Agarwal [26] have shown that the
CPT effect can be preserved in the presence of quantum interference provided
that the atom is driven by two coherent field each coupled to only one of the
atomic transitions.

According to Eq. (115), the CPT can also be destroyed by the presence of the
coherent interaction A, between the symmetric and antisymmetric states. This
is shown in Fig. 9, where we plot the steady-state population ps; as a function of
A for different values of ', /T';. It is evident that the cancellation of the popu-
lation p;; appears only at A, =0, that is, in the absence of the coherent
interaction between the antisymmetric and symmetric states. For I'j = IT'; the
cancellation appears at A =0, while for I'y #I', the effect shifts toward
nonzero A given by

INE )
A=—FZ7T9 116
T, O (116)

The shift depends on the ratio r, and for either r < 1 or > 1 can be large even
though 81, is very small. Therefore, the vacuum-induced coherent coupling can
be experimentally observed in the A system as a shift of the zero of the
population ps; of the upper state [24].

Figure 9. The stationary population of the upper state |3) of a A-type atom as a function of the
splitting A for A, =0, =5I"1,8;, =0.1T',p = 0.5, and different I';: ', =T'; (solid line),
I'y = 501", (dashed line).
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We have shown in Section V.A.2 that a laser field can drive the V-type
system into the antisymmetric (trapping) state through the coherent interaction
between the symmetric and antisymmetric states. Akram et al. [24] have shown
that in the A system there are no trapping states to which the population can be
transferred by the laser field. This can be illustrated by calculating the transition
dipole moments between the dressed states of the driven A system. The
procedure of calculating the dressed states of the A system is the same as for
the V system. The only difference is that now the eigenstates of the unperturbed
Hamiltonian Hy are |3, N — 1), |1,N), |2, N), and the dressed states are given by

4, N) = \% —ola, N) + 5, N) — V3B|3, N — 1)]

|0,N) = —v2Bla,N) + a|3,N — 1)

-\ :\%[_oqa,m 15, N) — VB3N — 1)] (117)

Although the dressed states (117) are similar to that of the V system [see
Eq. (103)], there is a crucial difference between the transition dipole moments.
For the A system the transition dipole moments between the dressed states
|i, N + 1) and the state |0, N) of the manifold below are all zero, but there are
nonzero transition dipole moments between |0,N) and the dressed states
|i, N — 1) of the manifold below

<N70|H|:|:,N— 1> = io‘ll
<N70|”‘01N - 1> =0 (118)

Therefore, the population is unable to flow into the state |0, N), but can flow away
from it. If A = 0, then oo = 0, and the state |0, N) completely decouples from the
remaining states. For A = 0 the state |0, N) is coupled to the remaining states,
but does not participate in the dynamics of the system because it cannot be
populated by transitions from the other states. Thus, there is no trapping state
among the dressed states of the driven A system.

VI. AMPLIFICATION ON DARK TRANSITIONS

Menon and Agarwal [48] have predicted that in the presence of quantum
interference the Autler—Townes spectrum of a weak probe beam monitoring a
driven three-level V-type atom can exhibit gain features instead of the usual
absorption doublet. This unexpected feature requires the condition that the Rabi
frequency € of the driving field be such that 2 = 2A, where A is the splitting
between the excited states. The gain features have been explained as arising
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from a large difference in population between the dressed states produced by the
driving field and the undriven atomic level.

A. Amplification on Inverted Transitions

In the process of amplification with population inversion, spontaneous emission
imposes a serious restriction in creating an inversion between atomic levels. For
example, in a two-level system with ground state |g) and excited state |e), the
stationary absorptive and emissive processes are governed by the balance
condition

P,I'ye = P.L,,, (119)

where P,(P,) is the steady-state population of the ground (excited) level, T, is
the absorptive, and IT',, is the emissive rate between the atomic levels. It follows
from Eq. (119) that inversion (P, > P,) can be produced only if I'y, > T',,. This
condition may not be achieved in two-level systems since the stimulated
absorptive and emissive rates are the same and spontaneous emission contributes
only to the emissive rate, giving I';; > 'y, [49]. Population inversions involving
the ground level can, however, be produced in multilevel systems where
population can be transferred into level |e) through other channels (levels) [50].
If we introduce a third level |3), which has its absorptive rate I3 from the ground
level and the spontaneous rate I';, to the excited level much larger than the
emissive rate I',,, a pumping field applied to the |g) — |3) transition will create a
steady-state inversion on the |e) — |g) transition. Using rate equations for the
atomic populations, the ratio P, /P, of the steady-state populations of the excited
and ground states can be expressed as

PoToles (120)
Py Feg(r% + F3g)

It is seen that the ratio (120) depends crucially on the spontaneous emission rate
I'.e, which depopulates the state le). Maximum inversion, with P, = 1 and
P, =0, is obtained for I',; = 0, when the population is said to be “shelved”
(trapped) in the state |e) from which it cannot decay to the ground state. Thus, in
the case of maximum inversion one could expect maximum amplification of a
probe beam on the |¢) — |g) transition. However, the absorption rate W(w),) of a
probe beam of amplitude E, and frequency , monitoring the |e) — |g)
transition, as defined by Mollow [38], is

W(o,) = %LO dt'< {deLt(t),H,,(t’)]> (121)
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where

1

H,(t) = SHeq E,(STe ™" + 5 ") (122)

is the interaction Hamiltonian of the probe field with dipole moment p,,, and
ST =le)(g| (S~ =g){e|) is the dipole raising (lowering) operator. For a long
interaction time (f — oo) the absorption rate satisfies the integral relation [38]

_ o 21
W[ a0 wo) = Fin BEE - P (123)

—00

Thus, two factors determine the magnitude of amplification (W < 0) of the
probe field: (1) the population must be inverted (P, > P,) and (2) the dipole
moment of the transition, which determines the coupling strength of the probe
field to the atom, must be nonzero. According to the balance condition (119), an
increase of the population inversion can be achieved by decreasing the emissive
rate and the population can be completely inverted only if I',, = 0, that is,
only if the state |e) is a trapping state. Since ',y ~ | ueg\z, the trapping results in
cancellation of the dipole moment to the ground state, and then the inverted
transition becomes transparent for the probe beam. Therefore, in order to obtain a
significant amplification, one should produce a large population inversion and
simultaneously maintain a strong coupling of the probe field to the inverted
transition. The preceding analysis suggests that this is impossible to achieve in
atomic systems.

B. Autler-Townes Absorption Spectra

Consider the Menon—Agarwal approach to the Autler—Townes spectrum of a V-
type three-level atom. The atom is composed of two excited states, |1) and |3),
and the ground state |2) coupled by transition dipole moments with matrix
elements p;, and ps,, but with no dipole coupling between the excited states.
The excited states are separated in frequency by A. The spontaneous emission
rates from |1) and |3) to the ground state |2) are I'; and I',, respectively. The
atom is driven by a strong laser field of the Rabi frequency 2, coupled solely to
the |1) — |2) transition. This is a crucial assumption, which would be difficult
to realize in practice since quantum interference requires almost parallel dipole
moments. However, the difficulty can be overcome in atomic systems with
specific selection rules for the transition dipole moments, or by applying fields
with specific polarization properties [26].

We consider two different coupling configurations of the probe beam to the
driven atom. In the first case, we assume that the probe beam is coupled to the
driven |1) — |2) transition [51]. In the second case, that has been considered by
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Menon and Agarwal [48], we will assume that the probe beam is coupled to the
undriven |3) — |2) transition.

The absorption rate of a probe beam of a tunable frequency ®, monitoring
the |1) — |2) transition is defined as [38,48]

Wis(0,) = Re[2,p(3")] (124)
where (), is the Rabi frequency of the probe beam and pgl) is the stationary
component (harmonic) of the coherence p;, oscillating with the probe detuning
S =wp — .

In Fig. 10, we plot the absorption rate W, as a function of 6 for p = 0.95 and
different 2. When 2 # 2A the absorption rate exhibits the familar Mollow
absorption spectrum [38] with small dispersive structures at 6 = +£2. The
absorption rate changes dramatically when Q =2A. Here, the dominant
features of the rate are emissive and absorptive components at & = %2,
indicating that at 8 = —() the weaker field is absorbed, whereas at & = €2 is
amplified at the expense of the strong field. The weaker field is always absorbed
(amplified) at & = —Q (8 = Q) independent of the ratio r = I'; /T, between the
spontaneous emission rates I'; and I',. We illustrate this in Fig. 11, where we
plot the absorptive rate for different values of r. The absorptive (emissive) peak
remains absorptive (emissive) independent of the ratio r.

0.15

0.1} L

0.05f "

_015 1 1 1 1 1 1 1 1 1
-50 -40 -30 -20 -10 O 10 20 30 40 50
oITy
Figure 10. The absorption rate W), as a function of §/T"y for p =0.95,I') =T,,9Q, =

'), A =20I"y, and different Q: = 10I"; (solid line), = 20I'; (dashed line) and 2 = 40T,
(dashed—dotted line).
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Figure 11. The absorptive rate Wi, as a function of /Iy for p = 0.95,Q = 40T",,Q, =
Iy, A = 20T}, and different values of r = T'; /T'»: r = 2 (dashed line) and r = 5 (solid line).

Note that the absorption rate shown in Figs. 10 and 11 is similar to the
Mollow absorption spectrum for an off-resonance driving field [38]. However,
there is a significant difference in that the ratio between the magnitudes of the
emissive and absorptive peaks in the Mollow spectrum is always less than one
and the ratio varies with the detuning and Rabi frequency of the driving field.
The ratio of the absorption rates, shown in Figs. 10 and 11, is equal to one and
constant independent of the values of the parameters involved.

In Fig. 12, we present the absorption rate for the case considered by Menon
and Agarwal [48], in which the probe beam is coupled to the undriven |3) — |2)
transition

Was () = 2Re[p53 "] (125)

The absorption rate is plotted as a function of & for 2 = 2A. We see that the
absorption rate exhibits an emissive feature at 5 = 2. Moreover, there is a central
component at § = 0, whose absorptive/emissive properties depend on the ratio r.
For r < 2 the rate is positive indicating that the weaker field is absorbed by the
system. As r increases the absorptive feature decreases and vanishes for » ~ 2.
When we further increase r (r > 2) the absorptive features at & = 0 switch into
emissive features and the magnitude of the emissive peak increases with
increasing r. The threshold value for r, at which absorption switches to emission,
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Figure 12. The absorption rate W3 as a function of 8§ for 2 =40I';, , =T';, A =20I';,
p = 0.95, and different values of r: r = 1 (solid line), r = 2 (dashed line) and r = 5 (dotted line).

depends on p. For p = 1 the threshold is exactly at » = 2, and shifts toward larger
r as p decreases.

C. Dressed-Atom Model of the Amplification on Dark Transitions
The physics associated with the unusual properties of the absorption rate of the
probe beam, shown in Figs. 10-12, can be easily explored by working in the
basis of quantum dressed states of the system [35]. In this approach, we work
with the quantum version of the Hamiltonian (65) which, in the case of the
driving laser coupled exclusively to the |1) — |2) transition, can be written as

Hg = Hy + Hyy (126)
where
Hy = hoS{S] + oS3 85 + hoyal ay, (127)
is the Hamiltonian of the system atom plus driving field

1 _
Hip = — Ehg(aLSl +ay,ST) (128)

is the interaction between the atom and the laser field.
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The Hamiltonian H, has the “undressed” eigenstates |1,N — 1), |3, N — 1),
and |2,N). The states |[I,N —1) and |2,N) are degenerate with energies
Ey\ny = E,y =hNw;, while the state [3,N —1) has energy E3y=
A(Nw; + A), where N is the number of photons in the laser mode. When we
include the interaction (128) between the atom and the laser field, the
degeneracy is lifted, resulting in triplets of dressed states

1
[+, N) :%(|27N> +[1L,N-1))
1
|—N) Z%(|27N> —|LN-1))
|§’N>:|3aN_l>a (129)

with energies

1

1
E,J\/ = Fl<N(Dl — 29)

E;y = h(Noy + A) (130)

The dressed states (129) group into manifolds of nondegenerate triplets unless
A =10 and then the states |+, N), [3,N) in each manifold are degenerate.

Since the driven and undriven transitions are coupled through the I'y, terms,
it is convenient to introduce symmetric and antisymmetric superposition states
of the dressed states |+, N) and |3, N). According to Eq. (68), the superposition
states diagonalise the dissipative (damping) part of the master equation of the
system. The superposition states can be written as [51]

ls,N) = a|+,N) + B|3,N) (131)
la,N) = B|+,N) — a|3,N) (132)

where

N—
e

R (133)

=

a

f=—r (134)

=
e
+
—
(S8
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such that
4+ p=1 (135)

With the dressed states of the driven system available, we can easily predict
transition frequencies and calculate transition dipole moments and spontaneous
emission rates between the dressed states of the system. It is easily verified that
nonzero dipole moments occur only between dressed states within neighboring
manifolds. Using Eqgs. (131) and (132), we find that the transition dipole
moments between |N,i) and |N — 1, j) are

= 1oc2 + i = loc +—B
B NsN—1 = ) R \/Ellaza B N—N—1 ) L 3p) \/— H3o

1
Ronsn—1 = 75 %2 BoyoN-1 = _5"12
1
Hopan—1 = _EBuD’ W NiaN—1 = “Blllz - \/—B M3,

1 B 1, B 1
sN-1 =7 % - o) ) aN:—N—1 — ~ — = 3
RaNs N—1 3 12 _\/E B3z Wy N—1 ) 12 /2 1 1%Y)

1, 1
A N_] == ——a 136
RaN:aN—1 2B 130 /2 Busy (136)

where p; y.; v = (i, N|i|j, N — 1), and j = ji; + Ji, is the total dipole moment
of the atom.
The spontaneous transitions occur with probabilities

T,
Dinjn-1 = ﬁ‘(l ,Nnlj, N — >| n=12 (137)
Mop—12

given by the expressions

1 NI,
Dynsv1 = ~T1[1 = ———— (1 — cos0)]
Nis,N—1 4 1 (F2+%F1)2
1 1 s
Tivenvi==(To+=T) |1 ———————(1— cos®
=3 () o o)

1 T,
Fsnan—1 ==zT% |1 = ———= (1 — cosO
' 2 (r2+%r1)2( )

1
I y-n-1= 1 I
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r 1 I
—N;s,N—1 — 3 (Fz —|—%F1)
. 1 I
—,N;a,N—1 4 (Fz n %F])
1 FZFZ
I“a,N;s.Nfl == S A (1 — COSG)
' 4, +1iT)°
1 Iy
Tune yot = =——"2 (1= cosb
Ni—N-1 2(F2+%F1)( cos)
1 T2
Cunvan—1 ==———2—(1 — cos0)
' 2(1, +%F1)2

where 0 is the angle between p, and p,.
In Fig. 13, we present the dressed states of two neighboring manifolds, N and
N — 1, and the possible transitions among them. Solid lines indicate transitions
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Figure 13. Energy-level diagram of the superposition dressed states for A = %Q The solid
lines indicate spontaneous transitions that occur independently of quantum interference, whereas the
dashed lines indicate transitions that are significantly reduced by quantum interference.
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that are not significantly affected by quantum interference, whereas dashed lines
indicate transitions that are strongly modified by quantum interference, in that
their transition dipole moments decrease with increasing p and vanish for p = 1.
We see from Fig. 13 that quantum interference strongly affects transition rates
from the antisymmetric state to the states of the manifold below. Thus, the
antisymmetric state becomes a dark state in the limit of a strong interference,
p =~ 1. Moreover, it can be found from the master equation (64) and the dressed
state (132) that the steady-state population P, =) (a,N|pla,N) of the
antisymmetric state is given by

P, = 13
1 +2(1 — cos0) (139)
where
(T +1im)
u=20 T+ +T +—" 4~
2 2T, +11))
1
w = FZ(Fm + Fs—) + 7F1an (140)

2

and I';j =Ty, jn—1. Hence, for small 0 the antisymmetric state is strongly
populated, and the population can be trapped in the antisymmetric state (P, = 1)
when 0 = 0.

Figure 13, together with the transition dipole moments and transition rates,
provides a simple interpretation of the absorption rate shown in Fig. 11.
According to Eq. (139), the emissive peak in the absorption rate appears on
an almost completely inverted transition (Ja, N) —|—,N — 1)), whose dipole
moment is significantly reduced by quantum interference. One could expect that
the weaker field should not couple to an almost canceled dipole moment.
However, we have assumed that the probe field couples only to the dipole
moment p;,. From Eq. (136), we find that the coupling strength of the probe
field to the transition |a, N) — |—,N — 1) is proportional to 1 Bp,, despite the
fact that the total dipole moment of the transition is much smaller,
Mo vt =3By —\/Liocp.w. The absorptive peak, seen in Fig. 11 at the
frequency ®; — (), appears on the noninverted transition |—,N)— |a,N — 1)
with the transition dipole moment %Bllm Since the absolute values of the
population difference on the |a,N) — |—,N — 1) and |—,N) — |a, N — 1) transi-
tions are the same and the coupling strengths of the weaker field to the
transitions are equal, p,y._ y_| = P_ N n_1 = %Bl‘-w the absolute values of
the absorptive and emissive peaks in the absorption rate are the same indepen-
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dent of the ratio r =I';/T,. One can see from Fig. 13 that there are two
transitions, one emissive (Ja,N) —|s,N —1)) and one absorptive
(|s,N) — |a,N — 1)), which contribute to the central structure at 4 = 0. Since
the absolute values of the population difference on these transitions are the same
and the coupling strengths of the weaker field to these transitions are equal,
Wonan—1 = PansN—1 = %chplz, these two contributions cancel each other
leading to a transparency of the weaker field at 3 = 0.

The physical origin of the gain features predicted by Menon and
Agarwal [48], shown in Fig. 12, can also be explained with the help of the
energy-level diagram of Fig. 13 and the transition dipole moments (136). As we
have already shown in Eq. (139), for p ~ 1 almost all the population is trapped
in the state |a,N). Therefore, the weaker field can be amplified on the
|a,N) —|s,N — 1) and |a,N) —|—,N — 1) transitions, and can be absorbed
on the |a,N — 1) — |s,N) and |a, N — 1) — |—, N) transitions. Since the weaker
field couples exclusively to ps,, the transition |a, N — 1) — |—, N}, whose dipole
moment is proportional to p,,, is transparent for the weaker field. The coupling
strength of the weaker field to the |a, N) — |—, N — 1) transition is proportional
to %uﬂ, indicating that the field can be amplified on this transition and the
amplification is not much affected by the ratio r. It is seen from Fig. 13 that at
8 = 0 the probe couples to three transitions. The transition |a, N) — |a,N — 1)
is transparent for the probe because it occurs between two states of the same
population. Therefore, the absorptive/emissive properties result from the cou-
pling of the probe to the |s,N) —|a,N — 1) and |a,N) — |s, N — 1) transitions.
For 6 ~ 0 almost all the population is trapped in the antisymmetric state, and
then the probe is strongly absorbed on the |s, N) — |a,N — 1) transition, but is
amplified on the |a, N) — |s, N — 1) transition. According to Eq. (138), the later
is a dark transition. Since the absolute values of the population difference
between the states are the same for both transitions, the absorptive/emissive
properties at & = 0 depend solely on the relation between the transition rates.
From Eq. (136), we find that the coupling strength of the probe beam to the
transition |a, N) — |s, N — 1) is proportional to Lzozzpw, whereas the coupling
strength to the transition |s,N) — |a,N — 1) is proportional to % B’ws,. Thus,
the absorptive/emissive properties at 6 =0 depend on the difference
(B* —a?) = : B*(2 — r). For r < 2 the difference is positive, indicating that
the weaker field is absorbed at 6 = 0, and is amplified for r > 2. These simple
dressed-atom predictions are in excellent agreement with the numerical calcula-
tions shown in Fig. 12.

Thus, in terms of the quantum dressed states, the gain features predicted by
Menon and Agarwal [48] actually appear on completely inverted transitions
whose dipole moments are canceled by quantum interference. Therefore, the
gain features can be regarded as the amplification on dark transitions [51].
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VII. EFFECT OF QUANTUM INTERFERENCE ON
PHOTON CORRELATIONS

In view of the interesting quantum interference effects in the fluorescence and
absorption spectra, it is natural to study the influence of quantum interference on
the second-order correlation function of the fluorescence field emitted from a
three-level atom. We will illustrate this for a V-type three-level atom consisting
of two excited states coupled to a ground state by electric dipole interactions
and driven by a coherent laser field. These correlations have been investigated
by Hegerfeldt and Plenio [52] for an incoherently driven atom. The results show
that the intensity correlation may exhibit quantum beats despite the incoherent
pumping. The case of excitation by two coherent fields has been considered by
Manka et al. [53], who showed how the resonance fluorescence and intensity—
intensity correlation spectra on one transition can be influenced by the intensity
of the driving field on the other transition [54,55]. In particular, they demon-
strated that the decay rate of the intensity—intensity correlation spectrum could
be reduced in this way. Jagatap et al. [56] and Huang et al. [57] have also
calculated the intensity correlations in a three-level ladder system driven by two
coherent fields and have shown that the correlations can have secondary
oscillations, in addition to the Rabi oscillations.

We concentrate on the role of quantum interference in the correlation of
photons emitted from a coherently driven V-type atom, recently analyzed
by Swain et al. [58]. We calculate the normalized second-order two-time
correlation function g<2)(R, t;R, 1+ 1) for the fluorescent field emitted from a
three-level V-type atom driven by a coherent laser field coupled to both atomic
transitions. The fluorescence field is observed by a single detector located at a
point R = RR, where R is the unit vector in the direction of the observation.

As we have shown in Sec. III.A, the second-order correlation function of the
fluorescence field depends on correlation functions of the atomic dipole
moments (S} (1)S; (¢ +1)S; (¢)S; (1)), which correspond to different processes
including photon emissions from a superposition of the excited levels. There-
fore, we write the correlation functions G()(R,?) and G? (R, R,z + 1) in
terms of the symmetric and antisymmetric superposition states as

1
(T + 1)

+2(1 = p)TiTa(S; (1)S, (1))
+ (1 =p)/I'1T (T —Ty)

X (87 ()8, (1) + S5 (S (1)} (141)

GY(R,1) = {(TF + 13 +2pTi T2 )(S] (1)S (1))
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and

1
GY(R, ;R 1 +1) = S{(T7 + T3+ 2pI'T2)

(I + 1)
X (S;()U(t+1)S; (1))

+ (1 =p)vTiR 2T TS (1)U (1 + 1)S, (1))
+ (I = To)(S; (Ut +7)S, (1))
+ . (SHOU(t+1)S; ()]} (142)

where
U(t+1) = (T + T35 +2pITo)SH(t +1)S, (t + 1)

+ (1 = p)V/TiT2 {2/ TS, (1 + 1), (1 + 1)
+ (T = T){S (¢t +1)S, (t+1)
+8Ht+1)S (1+1)}} (143)

It is seen that in the bases of the symmetric and antisymmetric states, there
are three terms contributing to the first- and the second-order correlation
functions. The first term is from the transition |s) — |2), the second is from
the transition |a) — |2), and the third term arises from the coupling between
them. When the decay rates are equal, I'y =I';, then the transitions are
independent regardless of the mutual orientation of the atomic transition dipole
moments. Moreover, for parallel dipole moments (p = 1), only the transition
|s) — |2) contributes to the first- and second-order correlation functions,
indicating that in this case the system reduces to a two-level system. However,
correlations between the emitted photons can be significantly different from
those one would expect for a two-level system. We will illustrate this in two
examples of distinguishable and indistinguishable photons.

A. Distinguishable Photons

If the photons emitted from the excited states to the ground state are distingui-
shable, such as by having significantly different polarizations or frequencies,
then the following normalized second-order correlation functions of the steady-
state fluorescence intensity can be written as [57]

Pr(7)

i ji=1,3 144
P, ij=1, (144)

g (1) = lim gD (R, ;; R, 1 + 1) =
1—00
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where

SESH(T)ST(T)ST
Pyj(1) _ & ’gﬁ;jgt) R (145)

is the probability that at time 7 + T the atom is in the upper state |j) of the
transition |j) — |2) if it was in the lower state |2) of the |i{) — |2) transition
at time 1, and P; = (S;'S;) is the steady-state population of the state |i). In
particular, we consider the following correlation functions

P2_> T
(0 = e ) = 2 (146)
2 2 P2H3 T
OB ORI (147)

In Fig. 14, we plot the correlation functions (146) and (147) computed from the
equations of motion (96) for the case of degenerate transitions (A = 0) and two
different values of p: p = 0 corresponding to the case of perpendicular dipole
moments, and p = 0.99 corresponds to almost parallel dipole moments. We have
chosen p < 1 to avoid population trapping, which can appear for p = 1. The
correlations show the characteristic photon antibunching effect [59] that g (1)

gi j(z)(T)

0 0.5 1 1.5 2
tn

Figure 14. Second-order correlation functions g(lzl) (t) and gg? (t) for Ty =T, =T, A, =
A =0,Q; =, = 5T, and different values of p: p = 0.99 (solid line), p = 0 (dashed line).
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vanishes identically for t = 0 and increases with increasing t. This reflects the
fact that the detection of a photon at time 7 + 1, after the detection of a photon at
time ¢, is impossible if T = 0, and is unlikely until T increases to a value of the
order of (22)~ '1t. For both values of p the correlation function oscillates with the
Rabi frequency of the driving field and there is little difference between the plots
for p = 0 and p = 0.99. The shape of the oscillations resembles that known for a
two-level atom [59], which indicates that the atomic dipole moments oscillate
independently, regardless of the value of p.

In Fig. 15, we plot the correlation functions for the same parameters as in
Fig. 14, but now A # 0. We first observe that the behavior of the correlation
functions is qualitatively different to the case where A = 0. For correlated
dipole moments with p = 0.99, the values of g§2]>(r) and gg?(r) remain below
unity for all times. This shows that for any t the probability of emission of two
photons from levels |1) or |3) is very small. We can interpret this as extended
simultaneous periods of darkness in the fluorescence from the two atomic
transitions; after detection of a photon at time t = 0, detection of another
photon at time t© > 0, emitted from levels |1) or |3), is very unlikely. We point
out that the simultaneous periods of darkness appear only for correlated
transitions with p # 0. Dark periods of fluorescence have been predicted by
Cook and Kimble [60] and Pegg et al. [61] for a V-type atom with orthogonal
dipole moments of the transitions and significantly different decay rates I'; and

gi j(z)(T)

0 . . .
0 0.5 1 15 2

Y1/

Figure 15. Second-order correlation functions g(121> (t) and gg)(‘r) as a function of yt/m

(y=@,+T12)/2) for Ty =T, =T,A, =0,A =5I',Q; =, =5I, and different values of p:
p = 0.99 (solid line), p = 0 (dashed line).
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I';. In their case the atom ‘“‘prefers” to stay in the transition with the larger
decay rate (strong transition) and there is a small probability of finding the
system in the other (weak) transition. The extended dark periods, predicted for
the V-type atom with almost parallel dipole moments, appear simultaneously on
both transitions independent of the decay rates. This indicates that in the
presence of quantum interference the atomic states |1) and |3) are not the
preferred radiative states of the atom.

B. Indistinguishable Photons

We now turn to the situation in which the photons emitted from the two atomic
transitions are not distinguishable. This can happen when the atomic transition
dipole moments are exactly parallel. Then the detector responds to the total
field (30) for which the correlation functions are given by Eqgs. (141) and (142).
However, even for p =~ 1, we can still distinguish between photons emitted from
the |s) — |2) and |a) — |2) transitions as they can have different polarizations.
This is easy to see from Eqs. (107) and (108), where the dipole moments p, and
p, of the |s) — |2) and |a) — |2) transitions, respectively, are oriented in
different directions, unless p; = p, and then p, = 0.
Therefore, we consider separately the following correlation functions

g (r) = 20 (148)
(=22 (149

In Fig. 16, we plot the correlation functions (148) and (149) for non-
degenerate transitions with A = 5T". Again, the solid line represents p = 0.99
and the dashed line, p = 0. It is apparent from the graphs that with quantum
interference (p = 0.99), there are very strong correlations of photons on the
|s) — |2) transition, whereas the photons are strongly anticorrelated on the
|a) — |2) transition. The correlation function g (1) oscillates with 2v/29 and
attains the maximum value at time T = (2\/5(2)711& Moreover, the correlations
decay at a very low rate and it takes a time in excess of 300w before it gets close
to unity. The correlation function gfl%} () oscillates with v/2Q and in the
presence of quantum interference is smaller than unity for all times, whereas
the values can be larger than unity, with the maximum value of around 2.8, for
p=0.

We wish to emphasize that under appropriate conditions of p ~ 1 the
maximum value of gg) (t) can be made huge, with values of the order of
hundreds, whereas the maximum value of g_yf)(t) remains of the order of unity
for p = 0. Indeed, it is seen from Fig. 16 that the maximum value of gg)(r) is
about 22.5 for p ~ 1. Swain et al. [58] have shown that even larger values are
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Figure 16. Second-order correlation functions g?(t) and g?)(x) for I'y =T, =T,

A =5T,Q; = Q, = 5T, and different values of p: p = 0.99 (solid line), p = 0 (dashed line).

possible. For example, if we reduce the value €2 to 0.5I", leaving other
parameters unchanged, then the maximum value can increase to almost 1500.

As we have seen from Figs. 14-16, the effect of quantum interference on the
second-order correlation function, is very sensitive to the splitting A of the
excited levels. For degenerate excited levels (A = 0), the photon emissions are
similar to those of a two-level atom, independent of quantum interference. For
large splittings, the correlation functions g,(li) (t) and gij2 (v), i,j=1,3 are
smaller than unity for all times t, while g5’ (t) exhibits strong correlations
(gg)(r) > 2) for T ~ (2v/2Q) 'n, which decay at a very low rate.

We can explain these features by considering the equations of motion (96)
for the density matrix elements. When A = 0, and the laser is tuned to the
middle of the upper levels splitting the states |1) and |3) are equally driven by
the laser and the coherences p,, and p;, oscillate in phase with frequency Aj.
The coherences are directly coupled by the cross-damping term I'j,. However,
for a strong driving field (2> I") the Rabi oscillations dominate over the
spontaneous exchange of photons, resulting in independent oscillations of the

atomic dipole moments.
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The situation is different when A # 0. In this case the coherences oscillate
with opposite phases indicating that there is an exchange of photons between
the states |1) and |3), which prevents photons being emitted from the atomic
levels. The coherences oscillate with +A /2, which introduces the modulation of
the Rabi oscillations, seen in Fig. 15. The exchange of photons between the
atomic levels is better seen in the basis of the symmetric and antisymmetric
states (107) and (108). In terms of these states, setting I'} =T, =T for
simplicity, the equations of motion for the populations

1 1
5y = ——TI(1 — —iA(p. —
Pss 3 (1+p)pss 5l (Psa = Pas)

—iV2Q(py, — pay) (150)
_ | I
Paa = =571 = P)Pua + 518(Ps = Pus) (151)

It is evident that the antisymmetric state is populated by the coherent
coupling to the symmetric state. Since the decay rate of the antisymmetric
state, I'(1 — p), is very small for p = 1, the population stays in this state for a
long time. If A = 0 the state is decoupled from the symmetric state and p,,,(¢) is
zero if its initial value is zero. In the latter case the system reduces to a two-level
atom. In the former case the transfer of the population to a slowly decaying state
leaves the symmetric state almost unpopulated even if the driving field is strong.
This is shown in Fig. 17, where we plot the steady-state populations p, as a

0.3r E

Pss

Figure 17. The stationary population of the symmetric state |s) as a function of A for
I,=T,=1,6,=01I"A=5T",p=1, and different 2: Q =T (solid line), 2 = 5T" (dashed
line), 2 = 10T" (dashed—dotted line).
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function of Ay. It is seen that the symmetric state is unpopulated for Ay = 0.
This indicates that in the presence of quantum interference, the driving field
does not saturate the transition |2) — |s), even for very large Rabi frequencies.
The lack of population in the state |s) increases the probability of returning the
atom to this state from the ground state by the dr1V1ng field. Consequently,
gﬁQ( ) attains a very large value at time T = (2\/_ Q) w, corresponding to half

of the Rabi cycle between |2) and |s).

VIII. PREPARATION OF TWO NON-ORTHOGONAL
DIPOLE MOMENTS

The unusual effects induced by the quantum interference between two transi-
tions in the multilevel systems, discussed in the previous sections, may occur
only if the dipole matrix elements of the transitions involved are nonorthogonal:

noomy #0 (152)

This represents a formidable practical problem, as one is very unlikely to find
isolated atoms with two nonorthogonal dipole moments and quantum states close
in energy. Consider, for example, a V-type atom with the upper states |1}, |3) and
the ground state |2). The evaluation of the dipole matrix elements produces the
following selection rules in terms of the angular momentum quantum numbers:
Ji1—Jr==%£1,0, J3—J, =%£1,0, and My — M, = M3 — M, = £1,0. Since
M, # M3, in many atomlc systems, p;, is perpendicular to p;, and the atomic
transitions are independent. Xia et al. [62] have found transitions with parallel
and antiparallel dipole moments in sodium molecules (dimers) and have
demonstrated experimentally the effect of quantum interference on the
fluorescence intensity. We discuss the experiment in more details in the next
section. Here, we point out that the transitions with parallel and antiparallel
dipole moments in the sodium dimers result from a mixing of the molecular
states due to the spin—orbit coupling.

A. External Driving Field Method

A mixing of atomic or molecular states can be implemented by applying
external fields. To illustrate this method, we consider a V-type atom with the
upper states connected to the ground state by perpendicular dipole moments
(nyy L psy). When the two upper states are coupled by a resonant microwave
field, the states become a linear superposition of the bare states

ja) = (|1> +13))

%|

|b) = (|1> 3)) (153)

S|
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It is easily to find from Eq (153) that the dipole matrix elements between the
superposition states and the ground state |2) are

1
Ry = 7§(H12 + 13)

Rpy = % (R — B32) (154)

When |p,| # |ps,|, the dipole moments p,, and p,, are not perpendicular.
However, the dipole moments cannot be made parallel or antiparallel.

An alternative method in which one could create a V-type system with
parallel or antiparallel dipole moments is to apply a strong laser field to one of
the two transitions in a A-type atom. The scheme is shown in Fig. 18. When
the dipole moments of the [1) — |3) and |2) — |3) transitions are perpendicular,
the laser exclusively couples to the |2) — |3) transition and produces dressed
states

|a) = sin®|2) + cos|3)
|b) = cos|2) — sind|3) (155)

where

1 A
cos’p == L

+—
202/ + A7

(156)

13>

[1>

2>

(@) (b)

Figure 18. Laser induced V-type system with nondegenerate transitions. A laser field applied
to the |2) — |3) transition of a A system creates nondegenerate dressed states separated by
Q= /93 + AZ. The subsystem with the upper dressed atates |a), |b) and the ground state |1)
behaviors as a V-type system with parallel dipole moments.
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where Ay is the detuning of the laser frequency from the atomic transition and
Q) is the on-resonance Rabi frequency of the laser field.

From Eq (155), we find that the dipole matrix elements between the dressed
states and the ground state |1) are

Ro = By3sing
My = Py3C08 0 (157)

Thus, the subsystem with the upper dressed states |a), |b) and the ground state |1)
behaviors as a V-type system with parallel dipole moments. This system has an
advantage that the magnitudes of the transition dipole moments, and the upper-
level splitting can be controlled by the Rabi frequency and detuning of the
driving laser field.

B. Dressed-Atom Approach

Transitions with parallel or antiparallel dipole moments can be created not only
in multilevel systems but also in a two-level system driven by a polychromatic
field [63]. In order to show this, we consider a two-level atom driven by a
bichromatic field composed of a strong resonant laser field and a weaker laser
field detuned from the atomic resonance by the Rabi frequency of the strong
field. The effect of the strong field alone is to produce dressed states [35]

|15N>: (|g>N>7|evN71>)

_g\~
[}

2,N) =7§(|87N> +le,N—1)) (158)

with energies £, » = i(Nw £ %Q), where N is the number of photons in the field
mode, (2 is the Rabi frequency, and oy is the atomic transition frequency.

The dressed states are shown in Fig. 19a. We see that in the dressed atom
basis the system is no longer a two-level system. It is a multilevel system with
three different transition frequencies, @y and ®y + €2, and four nonvanishing
dipole matrix elements p;; y = (N, i[p|j, N — 1):

1
Buny =Rpy = Py = —Hoy = 5!‘ (159)

connecting dressed states between neighboring manifolds. There are transitions
with parallel and antiparallel dipole moments that oscillate with frequencies m
and @y £ Q. This makes the system an ideal candidate for quantum interference.
Moreover, there are two transitions with antiparallel dipole moments, p; 5 and
Iy, > Which oscillate with the same frequency wo. However, they are not coupled



142 ZBIGNIEW FICEK

|2,N+1> |2,N+1>

|1,N+1> |1,N+1>

|
NI
=
|
NI
=
NI
=
|
NI=
=

[} %H

N
=

[2,N> [2,N>

|1,N> |1,N>

(@) b)

Figure 19. (a) Dressed states of a strongly driven two-level atom. The arrows indicate the
allowed spontaneous transitions with dipole moments i%u. (b) A second coherent field (dashed
arrow) of frequency ®y — §2 couples the dipole moments of the two degenerate transitions at .

(correlated), preventing these dipole moments from being a source of quantum
interference. This can be shown by calculating the correlation functions of the
dipole moment operators of the dressed-atom transitions oy = [i, N)(N — 1,1,
(i,j = 1,2). The correlation functions (c;y0jy), (i #j), are equal to zero,
showing that the dipole moments oscillate independently.

In order to correlate them, we can introduce a second (weaker) laser field of
frequency o — €2 and the Rabi frequency €2, < €, which couples the degen-
erate transitions with dipole moments p;; , and py, y_;, as indicated in Fig. 19b.
Treating the second field perturbatively, at zeroth order the coupling results in
new ‘“‘doubly dressed” states [63]

1
V2

where M is the number of photons in the weaker-field mode, and N = N + M is
the total number of photons. The doubly dressed states are entangled states of the
“singly” dressed states (158), and the states of the second driving field.

We now can calculate the transition dipole moments p,. ,, between the
doubly dressed states, corresponding to the transitions at @, and find that the
dipole moments are equal to zero. Thus, in the doubly driven atom the effective
dipole moments at wy are zero due to quantum interference between the two

INnt) =—(2,N—n—1,M+n+1)+|I,N —n,M+ n)) (160)
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degenerate dipole moments of opposite phases. A dramatic consequence of this
cancellation of the dipole moments is the disappearance of the central compo-
nent in the fluorescence spectrum of the doubly driven two-level atom [63].

C. Preselected Polarization Method

Patnaik and Agarwal [64] and Zhou and Swain [65] have proposed a method
involving a three-level atom with perpendicular dipole moments interacting
with a single-mode cavity of a preselected polarization. In this system the
polarization index s of the cavity mode is fixed to only one of the two possible
directions. This arrangement of the polarization can lead to a nonzero coherence
term I'j, in the master equation of the system, even if the dipole moments of the
atomic transitions are perpendicular. If the polarization of the cavity field is
fixed, say, ey, = ey, the polarization direction along the x-quantization axis,
then the cross-damping rate (58) is given by

'y = /I cosacosP (161)

where () is the angle between p, (p,) and the preselected polarization vector,
and o+ B = 90°.

Zhou and Swain [65] have also shown that the idea of the preselected
polarization can be applied to engineer a system with antiparallel dipole
moments. Zhou [66] has extended the method to a cascade three-level atom
coupled to a frequency-tunable cavity mode in a thermal state.

D. Anisotropic Vacuum Approach

Agarwal [67] has proposed a totally different mechanism to produce atomic
transitions with parallel dipole moments. In this method the interference
between two perpendicular dipole moments can be induced by an anisotropic
vacuum field. Using the second-order perturbation theory, it can be shown that
transition probability from the ground state |g) of a four-level system to the final
state | f) through two intermediate states |i) and |j) is given by

C(op — C‘)fg)l‘_ﬁ
— o) (0, — o)

_ Hy
Ty = 2}: W (162)

where 2;(€Y;) is the Rabi frequency of the |g) — |i)(|g) — |/j)) transition, @ is
the frequency of the driving laser, and C(w, — @y, ) is the Fourier transform of
the tensor the antinormally ordered correlation function of the vacuum field
operators. The anisotropy of the vacuum enters through the tensor C. With the
perpendicular dipole moments p; and pg, the transition probability responsible
for the quantum interference between the |i) — |f) and |j) — |f) transitions can
be different from zero only if the tensor C is anisotropic. For isotropic vacuum
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the tensor C is proportional to the unit tensor and then the transition probability
vanishes for p; L pg.

IX. EXPERIMENTAL EVIDENCE OF
QUANTUM INTERFERENCE

In 1996, Xia et al. [62] published the first experimental demonstration of
constructive and destructive interference effects in spontaneous emission. In the
experiment they used sodium dimers, which can be modeled as five-level
molecular systems with a single ground level, two intermediate and two upper
levels, driven by a two-photon process from the ground level to the upper
doublet. By monitoring the fluorescence from the upper levels, they observed
that the total fluorescence intensity, as a function of two-photon detuning, is
composed of two peaks on transitions with parallel and three peaks on
transitions with antiparallel dipole moments. The observed variation of the
number of peaks with the mutual polarization of the dipole moments gives
compelling evidence for quantum interference in spontaneous emission.
Agarwal [68] has provided an intuitive picture for the observed spontaneous
emission cancellation in terms of interference pathways involving a two-photon
absorption process. Berman [69] has shown that the experimentally observed
cancellation of spontaneous emission involving a two-photon absorption pro-
cess can be interpreted in terms of population trapping. Although a cancellation
of spontaneous emission is present with a two-photon excitation process, no
variation of the number of peaks with the polarization of the dipole moments
exist in the fluorescent intensity. Wang et al. [70] have presented a theoretical
model of the observed fluorescence intensity that explains the variation of the
number of the observed peaks with the mutual polarization of the molecular
dipole moments.

The purpose of this section is to discuss the experimental scheme demon-
strating the quantum interference effects in the fluorescence intensity and to
explore the theoretical approach of Wang et al. [70] that explains the observed
intensity profile.

A. Energy Levels of the Molecular System

The energy-level scheme of the molecular system considered in the experiment
is shown in Fig. 20. The five-level molecule consists of two upper levels |a;)
and |a,), two intermediate levels |b) and |d), and a single ground level |c). The
upper levels are separated by the frequency ®;,, which is much smaller than the
frequencies ®;, and @, of the |a;) — |b) and |a,) — |b) transitions and the fre-
quencies ®jy and my, of the |a;) — |d) and |a;) — |d) transitions. As in the
sodium dimers used in the experiment, we assume that the frequencies ®;;, and
my, correspond to the visible region, while the frequencies wi; and wyy
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Figure 20. Energy-level structure of the molecular system considered by Xia et al. [62].

correspond to ultravioled region and are significantly different from the
remaining frequencies.

In the molecule, the one-photon transitions |a;),|az) — |b),|d) — |c) are
connected by electric dipole moments, whereas the transition |a;) — |a,) and
the two-photon transitions |a;), |a;) — |c) are forbidden in the electric dipole
approximation. The transition dipole moments p,, and p,, are parallel,
whereas the transition dipole moments p,;, and p,,, are antiparallel.

The system is driven by a single-mode tunable laser of an amplitude E; and
frequency ®; coupled to the two-photon transitions |c¢) — |a;),|a2). The
coupling strength of the laser field to the transitions is determined by the
two-photon Rabi frequency

L Moncban B2 1 e Mone by E7
Q=3 Hoctna 2L Z 5 Bt 21 (163)

2 O — Ope 2 O — Ope

m m

where E; = |E.|, and the sums are taken over intermediate virtual levels m.
B. Master Equation of the System

In the experiment Xia et al. [62] observed the steady-state intensity of the
fluorescence field emitted on the visible and ultraviolet molecular transitions.
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The intensity is proportional to the first-order correlation function G (R, 1)
which, according to Eq. (35), can be expressed in terms of the molecular dipole
operators, or equivalently, in terms of matrix elements of the density operator of
the molecular system. Using Eq. (35), we can write the intensities of the
observed fluorescence fields on the visible (I,) and ultraviolet (I,) transitions as

IV = 1—‘albpll + 1—‘tlsz22 + zpv Fa1brﬂ2bRe(p12>
L, =Taapii + Laapar + 2pur/Taal s,aRe(p12) (164)

where I'; is the spontaneous decay rate of the |i) — |j) transition, p,, and p,, are
the steady-state populations of the levels |a;) and |az), p,, is the steady-state
coherence between them, and u and v stand for the ultraviolet and visible
transitions, respectively.

We find the density matrix elements from the master equation of the system.
In the frame rotating with the laser frequency ®, and within a secular
approximation, in which we ignore all terms oscillating with (01, — ®.) and
(w24 — @), the master equation for the density operator of the system is given
by

£ p(1) =~ [H(1), p(0)] + Lap(1) (165)
where
H(1) = ~H(A ~ 3 012)Sua, — (A +301)S
(A 29)S + AQ(Su + Sue) + e (166)

1 1
gd = Erv(l +pv)@[sba1 + Sbaz] +§Fv(1 _pv)g[sbal - Sbaz]

1 1
+§Fu(l +pu)9[sda1 + Sdaz] +§Fu(l _pu)g[sdal - Sdaz]

+ F;,@[Scb] + Fd@[SCdL (167)

and S; = |i)(j| are projection operators that represent the energies of the
molecular levels (i =) and transition dipole moments (i # j). In Egs. (166)
and (167), A =2(o, — @) is the two-photon detuning between the laser
frequency o, and the mean frequency ®, of the upper levels relative to the
ground level, 6 = @y — ®, is the frequency difference between ®y and the
frequency wj of the |b) — |c) transition. The parameters I', = T',, = ', and
I'n =144 =144 denote the spontaneous decay rates of the visible and
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ultraviolet transitions, respectively; I', (I';) stands for the spontaneous decay
rate from the intermediate level |b) (|d)) to the ground level |c); and Z is a
superoperator defined for arbitrary operators A and B as

Z[A|B = ABAT — %{ATA, B} (168)

The master equation (165) provides the basis for our analytical and numerical
discussions of quantum interference effects in the molecular system.

C. Two-Photon Excitation

The master equation (165) leads to a closed system of 25 equations of motion
for the density matrix elements. Since the laser field does not couple to the level
|d), the system of equations splits into two subsystems: a set of 17 equations of
motion directly coupled to the driving field and the other of 8 equations of
motion not coupled to the driving field. It is not difficult to show that the steady-
state solutions for the 8 density matrix elements are zero. Using the trace
property, one of the remaining equations can be eliminated, and the system of
equations reduces to the 16 coupled linear inhomogeneous equations.

Consider the weak-field limit where Q is much smaller than the spontaneous
decay rates and assume, for simplicity, that the decay rates of the upper levels
on the visible and ultraviolet transitions are equal, I', = I',, = T'. In this case, we
can solve the system analytically, and find that the steady-state populations and
coherences appearing in Eq. (164) are

Q2
= 169
P11 (A+%0012)2+I‘2 (169)
QZ
_ 170
P22 (A—%w12)2+F2 (170)
2(A2 _ 12 T2
Re(pyy) = e —gont D) (71)

[(A + %6012)2 + FZ] [(A — %(,012)2 + F2]

It is seen that the populations and coherence exhibit resonances at A = i%wlz,
corresponding to the two-photon resonances of the laser field with the |¢) — |a;)
and |c) — |a,) transitions. Hence, the fluorescence intensity will exhibit two
peaks located at A = +1o,.

In Fig. 21, we plot the fluorescence intensity as a function of A for the visible
and unvisible transitions. It is evident that the intensity profile is composed of
two peaks located at A = i%mlz, and the amplitudes of the peaks are not
sensitive to p. The intensity is sensitive to p only about A =0 and can be
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Figure 21. The fluorescence intensity as a function of A for Q = 107*T, 8 = 0, w;, = 6" and
I', =Ty =T The solid line shows the intensity on the ultraviolet transition (p, = —1), the dashed
line shows the intensity on the visible transition (p, = 1), and the dashed—dotted line indicates the
intensity for a transition with perpendicular dipole moments (p = 0).

completely suppressed for p, = 1 transitions. This is in agreement with the
prediction by Agarwal [68] that the two-photon excitation process involving the
|a1) and |a,) levels can lead to cancellation of spontaneous emission at the two-
photon resonance A = 0.

In the experiment [62], however, a pronounced central peak at A =0 was
observed, in addition to the sideband peaks located at A = j:%colz, on the
ultraviolet transitions with antiparallel dipole moments. According to Eq. (164),
the theory does not predict the central peak for the p, = —1 transitions. Thus,
with the two-photon excitation the fluorescence intensity exhibits two peaks
regardless of the mutual orientation of the transition dipole moments. Wang et
al. [70] have concluded that apart from the two-photon excitation process there
must be some other processes involved in the dynamics of the system, and have
suggested a two-step one-photon excitation in addition to the two-photon
process.

D. One- and Two-Photon Excitations

Following the approach of Wang et al. [70], we suppose that the molecule is
excited not only by the two-photon process but also by a two-step one-photon
process involving the intermediate level |b). This channel of the excitation was
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possible in the experiment as the one-photon transitions in the molecule are in
the visible region and their dipole moments are parallel [62]. Moreover, it is
stated in the experimental paper [62] that the two-photon transition in sodium
dimers was enhanced by a near-resonant intermediate level, indicating that the
laser could also couple the ground state |c) to the upper states |a;),|as) via
cascaded one-photon transitions. Thus, the laser could also couple to the one-
photon transitions |c) — |b) and |b) — |a1), |az).

To illustrate the effect of the two-step one-photon coupling on the fluores-
cence intensity, we include into the Hamiltonian (166) the interaction of the
laser field with the one-photon transitions, and obtain

1 1
H(t) = _h(A - 50)12>Sa1a1 - h(A + 5(012) Sazaz

h
—> (A +28)Spp + B[Q(Su,c + Sape) + Hoe]

h
+ 3 [Q4(Sap + Sapp) + 2Spe + Hoc] (172)

where Q, = w,,, - E./h = p,,, - E¢/h, and Q;, = p,,. - E. /I are the one-photon
Rabi frequencies of the |b) — |a1),|az) and |¢) — |b) transitions, respectively.

Following the same procedure as in Section III.C, we find that in the
presence of the two-step one-photon excitation and in the weak-field limit
(Q, %, 0 < I',T,,Ty) the steady-state solutions for the relevant populations
and the coherence are

- 40202
1A+ 28 +TY[(A —Lop)? + T
- 40202
2 (A +28) + TY[(A + Lo)? + 17
—160%0?
Re(pyy) ~ — (173)

(012)*[(A +28)* + T3]

The steady-state solution (173) shows that the populations of the upper levels
as well as the coherences exhibit resonant behaviors not only on the two-photon
resonances A\ = j:%colz but also on the one-photon resonance A = —24. The
existence of the resonance at A = 24 illustrates the occurrence of the two-step
one-photon excitation process. Hence, the fluorescence intensity will exhibit a
peak at A = —28 of the linewidth I'y, and two sideband peaks located
atA = :i:%colz of the linewidth T".
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Substituting Eq. (173) into Egs. (164), we find that the fluorescence intensity
for the ultraviolet and visible transitions can be written as

P e, |(A+28) 412

1 1
+ + 174
(A—lm12)2+F2 (A—i—%(ﬂlz)z—f—rz} ( )

Thus, the fluorescence intensity is composed of three Lorentzians: the central
peak located at A = —26 and two sidebands located at A = i%wlz. In Fig. 22,
we plot the fluorescence intensity for a strong driving field obtained by numerical
integration of the master equation (165) for three different values of the
parameter p.

It is seen that the amplitude of the central peak depends strongly on the
mutual polarization of the dipole moments. The peak is absent in the intensity I,
observed in the visible region with p, = 1. For the fluorescence intensity I,
observed in the ultravioled region with p, = —1, the amplitude of the peak is
enhanced. The strong dependence of the amplitude of the central peak on the
mutual orientation of the molecular dipole moments is precisely the effect
observed in the experiment. We emphasize again that the presence of the central
peak in the fluorescent intensity results from the coupling of the driving laser to
the one-photon transitions. This peak would be present even if there were no
interference between the transitions (i.e., even if the dipole moments were
orthogonal with p = 0). The interference leads to an enhancement (p, = —1) or
cancellation (p, = 1) of this central peak arising from cascaded one-photon
excitations.

The intensity profile shown in Fig. 22 is symmetric about A = 0. However,
the experimentally observed fluorescent intensity was asymmetric about A = 0.
Few factors could contribute toward the observed asymmetry. For example, the
decay rates from the two upper levels to the intermediate levels could be
unequal. Another reason could be that the central peak is not exactly at A = 0.
The analytical solution (174) predicts the central peak to be at A = —29, and
the condition of § = 0 implies that the energy of the level |b) is exactly half of
the mean energy of the upper levels. There is no reason to expect this condition
to be satisfied in the real molecule, and in fact it appears from the experimental
results that 6 is positive. In Fig. 23 we plot the fluorescence intensity for a
nonzero 6. In this case the intensity profile is asymmetric and the asymmetry
increases with increasing J.

The experiment of Xia et al. [62] provides a nice demonstration of the
quantum interference effects in a multilevel system. Li et al. [71] have repeated
the two-photon experiment and claim that they have no observed the fluore-
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Figure 22. The fluorescence intensity as a function of A for €, =Q, =T,0 = 107*T,
6=0,m, =6l and ', =T; =0.15I". The solid line shows the intensity on the ultraviolet
transition (p, = —1), the dashed line shows the intensity on the visible transition (p, = 1), and the

dashed—dotted line represents the intensity for a transition with perpendicular dipole moments

(p=0).
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Figure 23. Same as in Fig. 22, but § = 0.3T".
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scence signal reported by Xia et al. [62]. The major disagreement between these
two experiments is found in the linewidths of the observed signals. However, a
detailed comparison of these two experiments and theoretical calculations of the
linewidths are rather difficult. In particular, the experimental conditions were
not sufficiently well defined, which considerably complicates the interpretation
of the observed signals and makes it difficult to resolve the disagreement
between the experiments. Despite these disagreements, the theoretical model
proposed by Wang et al. [70] correctly predicts the shape of the observed
intensity profile and the variation of the number of peaks with the polarization
of the dipole moments.
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I. INTRODUCTION

In the late twentieth century much attention has been paid to the investigation
of various quantum-optical states defined in a finite-dimensional Hilbert space of
operators, which are bounded and have a discrete spectrum. Yet, the idea of
creating finite-dimensional quantum-optical states was conceived much earlier.
In fact, back in 1931, Weyl’s formulation of quantum mechanics [1] opened the
possibility of studying the dynamics of quantum systems both in infinite-
dimensional (ID) and finite-dimensional (FD) Hilbert spaces. Weyl’s approach,
generalized by Schwinger [2], is based on the fact that the kinematical structure
of a physical system can be expressed by an irreducible Abelian group of unitary
representations of system space. For a given finite Abelian group there is a
unique class of unitarily equivalent, irreducible representations in FD space.
Hence, this formulation has provided the basis for studies of the behavior of the
harmonic oscillator in FD Hilbert spaces. In the 1970s, Santhanam and co-
workers contributed to the above-mentioned formulation in a series of papers [3].
To describe the interaction of an assembly of two-level atoms with a transverse
electromagnetic field, Radcliffe [4] and Arecchi et al. [5] introduced the atomic
(or spin) coherent states (also referred to as the directed angular-momentum
states [6]) as FD analogs of the conventional optical coherent states (CS) [7-9].
General formulation of coherent states in FD and ID Hilbert spaces was then
developed by Perelomov [10] and Gilmore et al. [11,12] (see also Refs. 13-15).
In the 1990s, various quantum-optical states were constructed in FD Hilbert
spaces in analogy to those in the ID spaces. In particular, (1) various kinds of FD
coherent states [16-24], (2) FD displaced number states [21], (3) FD even and
odd coherent states [21,24,25], (4) FD phase states [26], (5) FD phase coherent
states (also referred to as coherent phase states) [27-30], (6) FD squeezed states
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[31-34], (7) FD displaced phase states [28], or (8) FD even and odd phase
coherent states [35].

The interest in the FD quantum-optical states has been stimulated by the
progress in quantum-optical state preparation and measurement techniques [36],
in particular, by the development of the discrete quantum-state tomography
[37—42]. There are several other reasons for studying states in FD spaces:

1. We can treat FD quantum-optical states as those of a real single-mode
electromagnetic field, which fulfill the condition of truncated Fock
expansion. These states can directly be generated by the truncation
schemes (the quantum scissors) proposed by Pegg et al. [44] and then
generalized by other authors [45-47]. Alternatively, one can analyze
states obtained by a direct truncation of operators rather then of their Fock
expansion. Such an operator truncation scheme, proposed by Leonski et al.
[48—50], will be discussed in detail in the next chapter [51].

2. The formalism of FD quantum-optical states is applicable to other
systems described by the FD models as well, such as spin systems or
ensembles of two-level atoms or quantum dots. In such cases we should
talk about, for instance the z component of the spin and its azimuthal
orientation rather than about the photon number and phase. However, the
states studied here were first discussed in the quantum-optical papers and
we also will keep the terminology of quantum optics.

3. This analysis gives us a deeper insight into the Pegg—Barnett phase for-
malism [26] (for a review, see Ref. 43) of the Hermitian optical phase
operator constructed in (s+ 1)-dimensional state Hilbert space. The key
idea of the Pegg—Barnett procedure is to calculate all the physical
quantities such as expectation values or variances in the FD space and
only then to take the limit of s — co. Buzek et al. [16] pointed out that all
quantities (in particular states) analyzed within the Pegg—Barnett forma-
lism should properly be defined in the same (s + 1)-dimensional state space
before finally going over into the infinite limit. So, for better understanding
of the Pegg—Barnett formalism, it is useful to construct finite-dimensional
states and to know what exactly happens before taking the limit.

In this chapter, we apply a discrete Wigner function to describe FD quantum-
optical states. Wigner function is widely used in nonrelativistic quantum
mechanics as an alternative to the density matrix of quantum systems [52].
Although the original Wigner function applies only to systems with continuous
degrees of freedom, it can be generalized for finite-state systems as well [53].
Discrete Wigner function for spin—% systems was introduced by O’Connell and
Wigner [54] and generalized for arbitrary spins by Wootters [55]. His definition
takes the simplest form for prime-number-dimensional systems. A similar
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construction of a discrete Wigner function for odd-dimensional systems was
suggested by a Cohendet et al. [56]. A number-phase discrete Wigner function,
a special case of the Wootters definition, was analyzed in detail by Vaccaro and
Pegg [57]. Another definition of Wigner function (for odd dimensions
equivalent to that of Wootters) was proposed by Leonhardt [37]. This approach
can readily be generalized to define a discrete Husimi Q function or, moreover,
discrete parameterized phase-space functions as was studied by Opatrny et al.
[58,59]. Another generalization of discrete Wigner function for Schwinger’s
FD periodic Hilbert space was analyzed by, for instance, Hakioglu [60]. The
Wigner function approach to FD systems can be developed from basic
principles as was shown, for example, by Wootters [55], Leonhardt [37], Luks
and Pefinova [61], or Luis and Pefina [62]. Discrete Wigner function has
successfully been applied to quantum-state tomography of FD systems [37] (for
a review, see Ref. 42).

This work is intended as an attempt to present two essentially different
constructions of harmonic oscillator states in a FD Hilbert space. We propose
some new definitions of the states and find their explicit forms in the Fock
representation. For the convenience of the reader, we also bring together several
known FD quantum-optical states, thus making our exposition more self-
contained. We shall discuss FD coherent states, FD phase coherent states, FD
displaced number states, FD Schrédinger cats, and FD squeezed vacuum. We
shall show some intriguing properties of the states with the help of the discrete
Wigner function.

II. FD HILBERT SPACE

We shall discuss various states constructed in FD Hilbert space of harmonic
oscillator. Let us denote by # ) the (s 4 1)-dimensional Hilbert space spanned
by number states {|0), |1),. .., |s)} fulfilling the completeness and orthogonality
relations

is = Z In){nl, (nlm) =8, (1)

where n,m =0,...,s and 1, is the unit operator in A9 Thus, arbitrary
quantum-optical pure state in the FD Hilbert space can be defined by its Fock
expansion

W) = D CPlny = > bYe
n=0 n=0

n) )
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where C,(ZS> = b,(f)ei"’" and b,(f) are real superposition coefficients fulfilling the
normalization condition

Yy = S = 1 )

n=0

for arbitrary dimension (s+ 1) of Hilbert space. It is sometimes useful to
represent the optical state, given by (2), via the phase states defined to be [26]

|em> = |em>(s) = \/%ﬂzexp(lnem”’w (4)
n=0

with the phases 0,, given by

2
6, =0 5
o + o1 m (5)
where 0y is the initial reference phase and m = 0, ..., s. States (4) also form a

complete and orthonormal basis:
is = Z 10) (O] (0]0,) = Oymn (6)
m=0

The phase states were applied by Pegg and Barnett in their definition of the
Hermitian quantum-optical phase operator [26]:

By = B,00) = 7 0,10,)(0 )

The phase states can also be used in construction of a discrete Wigner function as
will be described in Section III. The FD annihilation and creation operators in
A are defined by

=YVl 1)
al =" viln - 1 ®)

The FD and ID annihilation operators act on a number state in the same manner.
However, the actions of the creation operators on |n) are different in # ) and
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) Equation (8) implies that
@)y =0 )

if n + k > s. By contrast, the action of the ID creation operator (in any power) on
|n) gives always nonzero result. The commutation relation for the annihilation
and creation operators in J# ) reads as

[as, al] = 1= (s + 1)ls) (sl (10)

which differs from the conventional boson canonical relation in (>, Thus, ay
and &) are not related to the Weyl-Heisenberg algebra. Even the double
commutators [a, [as,al]] and [al, [as,al]] do not vanish, precluding the
application of the Baker—Hausdorff theorem. These properties of the FD
annihilation and creation operators considerably complicate analytical ap-
proaches to the quantum mechanics in ¢ ), including the explicit construction
of the FD harmonic oscillator states.

Creation and annihilation of phase quanta in FD Hilbert space can be defined
in a close analogy to the creation and annihilation of photons, as given by
Eq. (8). Phase annihilation, (]) and phase creation, (])' operators can be
introduced with the help of the relation d, = d) d) for the Pegg—Barnett phase
operator, given by (7). The FD phase annihilation and creation operators in the
phase-state basis, have the following form [16]

b, = b, (8y) = zf\eml ) (0| + 1/00/6,) (6|
= §1(0y) = Zf\e }{On-1] + v/80/60) (0

m=

respectively. Their commutator is

2n

bt
66l ==

DICH (12)

The phase annihilation and creation operators act on the phase states in a similar
way (particularly for 8y = 0) as the conventional (photon number) annihilation
and creation operators act on number states.

III. DISCRETE WIGNER FUNCTION FOR FD STATES

The expression of quantum-optical states by quasidistributions enables a very
intuitive description of their properties. Here, we give a general definition of the
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discrete Wigner function. We also present its graphical representations for

several FD quantum-optical states, often discussed in more recent works. The

Wigner function will be studied in greater detail in the following sections.
The number—phase characteristic function in # ) can be defined as [37]

Zexp<

in terms of the phase states (4). A discrete Fourier transform applied to Cs(v, 0,,)
leads to the following discrete Wigner function (for brevity referred to as the W
function) for phase and number

W,(n,0,,) = zzz (T

v=0 p=0

(m+ll>> <em|ﬁ|em+2u> (13)

(nu+ Vm)> Cs(v,0,) (14)

or, explicitly, as [37,55]

1 < 4mi R
WS(I’Z, Om) = H——l CXP( T 1 ) <9m—p|p|9m+u> (15)
pn=0

The Wigner function W,(n, 6,,) is periodic both in 7 and 6,,:

Ws(n,0,,) = Wi(n+ {s+1},6,)
= Wr(nvem:t(s+l))
= W,(n, 0, £ 2m) (16)

Thus, it is represented graphically on torus [20]. The Wigner function for any FD
pure state of the form (2) can be expressed as follows [57]

Wi(n,0,,) = {Zb e kexp[ 1(2k — M)0, + @py—i — P

s+ 1

+Z bl(:)bglfl>—k+x+lexp[i(2k M —5—1)0 + Qy_iisp1 — (Pk]}
k=M+1

(17)

in terms of the decomposition coefficients b,(:) and M = 2n mod(s + 1). Several
graphs of these functions of various states are presented here (Fig. 1) and in the
next sections. The physical interpretation of the Wigner functions is based on the
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Figure 1. Examples of discrete Wigner function on a torus in 19-dimensional Hilbert
space (s = 18): (a) vacuum |0); (b) single-photon number state |1); (c) FD preferred phase state
(“phase vacuum’’) |90>(3_); (d) FD coherent state, |o) o = @(:l; (e) FD displaced number state,
o, 1) () ~ |8, 1) ()3 () FD phase coherent state, |B,00) ) ~ [B,00)(,, with equal displacement

parameters, o = & = 3 = B = 0.5 and 0) = 0. The darker is a region, the higher is the value of the
Wigner function.

fact that the marginal sum of their values over a generalized line gives the
probability that the system will be in some state [37,55]. In the ID Hilbert space,
where the W-function arguments are continuous (quadratures X and Y), a
marginal integral along any straight line aX + bY + ¢ = 0 is nonnegative and
can be considered to be the probability. A similar situation arises in the FD case;
we can define lines as sets of discrete points (n, 0,,), or equivalently (n,m), for
which the relation (an + bm + ¢)mod N = 0 holds (here, a, b, c are integers).
Again, sums of the discrete W-function values on such sets are non-negative. The
mod (s + 1) relations are essential and are connected to some periodic properties
of the discrete W function—the maximum value of each argument (m or n) is
topologically followed by its minimum (zero in our case). This means that the
discrete W function is defined on a torus (or more precisely on a discrete set of
points of a torus). The “lines” are then points of closed toroidal spirals or, in a
special case, points of a circle. The periodic property is quite natural for the
phase index m, but may seem strange for the photon number n. In the next
sections, we shall draw attention to some consequences of the periodicity in n for
generalized coherent states, for instance.

One aim of this chapter is to show graphs of the discrete W functions for FD
quantum-optical states. Because of the discreteness of the arguments, the W-
function graph should be a histogram. However, two-dimensional projections of
such three-dimensional histograms could be very confusing. Therefore, for
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better legibility of the graphs, we have decided to depict them topographically.
The darker is a region, the higher is the value of the W function it represents.
Moreover, negative values of the W function are marked by crosses. As
mentioned above, the most natural way of presenting the discrete W-function
graphs is to construct them on toruses. A few simple examples of the toroidal
discrete Wigner functions are given in Fig. 1. Unfortunately, this graphical
representation is seldom transparent enough for its interpretation. In what
follows we shall work with two-dimensional graphs. Here, one should keep in
mind that some consequences of the periodicity in n and m can appear; for
instance, some peaks can be located partially at the outer boundary at n = s (or
m~ s) and can ‘“‘continue’’ near the center n = 0 (or m =~ 0). In the next
section, the W functions of various FD states will be presented.

For a better understanding of the discrete Wigner function, let us recall its
close correspondence to the discrete Pegg—Barnett phase distribution [26]

S 2
n=0
and to the photon-number distribution
K ) o
Ps(n) = Z Ws(n7 em) = |<n|\|j>(&)| = |b£1 )| (19)
m=0

Thus, the sum of the W function values, at constant 6,,, over all n values gives the
probability of the phase 0,, and, analogously, the sum with constant n over all
arguments 0,, gives the probability of n photons—at least in systems, which are
fully described by finite-number state models. If we want to interpret our results
as describing states of a usual one-mode field under the condition that all Fock
components of |n) with n > s are absent, then the real phase probability
distribution is obviously continuous. Let us briefly discuss its connection to the
obtained discrete distribution. If s is greater than or equal to the largest Fock state
component of a given state, which by definition is our case, then the discrete
probabilities (from the discrete Wigner phase marginal) are proportional to the
values of the continuous phase probability distribution in the discrete set of
points (5). One can easily obtain other values also, although not directly. We
could use a FD version of the sampling theorem—if the » distribution is limited,
then for description a state in the phase representation only a discrete set of phase
amplitudes is necessary. It is clear that the (s + 1)2 real values of the discrete W
function yield the same information as the (s + 1)* real nonzero parameters of
the related density matrix.
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IV. FD COHERENT STATES

The most common states in quantum optics are the coherent states (CS)
introduced by Schrodinger [7] in connection with classical states of the quantum
harmonic oscillator. First modern description and specific application of CS is
due to Glauber [8] and Sudarshan [9]. The literature on CS and their
generalizations is truly prodigious and has been summarized in a number of
excellent monographs [10,13,14,63] and reviews [12]. There are several ways of
generalizing the conventional ID coherent states to comprise the FD case. It is
possible to define CS using the concept of Lie group representations [63], or to
postulate the validity of some properties of the ID CS for their FD analogs. In
this chapter, we are interested in two definitions of the latter kind. First, CS in a
FD space are usually treated as the displaced vacuum, where the displacement
operator is defined analogously to the conventional displacement operator in the
ID space (the Glauber treatment of CS [8]). This idea was applied in the work of
Buzek and co-workers [16] and further studied by Miranowicz et al. [18] and
Opatrny et al. [20]. Here, we refer to such states as the generalized CS. Another
definition is based on the postulate that the Fock expansion of the FD CS is
equal to the truncated expansion of the conventional ID CS. This approach was
extensively developed by Kuang et al. [17] and Opatrny et al. [20]. Here, we
shall refer to CS of this kind as the truncated CS. An experimental scheme,
known as the quantum scissors, for generation of the truncated CS was proposed
by Pegg et al. [44]. Quantum scissors were generalized by Koniorczyk et al.
[45], Paris [46], and Miranowicz et al. [47]. A physical system for preparation
of the generalized CS was proposed by Leonski [49] (see also Ref. 50) as a
modification of the Fock state engineering technique of Leonski and Tanas [48].
These schemes are presented in the next chapter [51].

A. Generalized Coherent States

Glauber [8] constructed coherent states in the ID Hilbert space by applying
the displacement operator D(a,o*) = exp(aa’ — o*a) on vacuum state |0).
Analogously, one can define the generalized coherent state [16]

jot)) = Di(et,07)[0) (20)

constructed in the FD Hilbert space by the action of the generalized FD given by
displacement operator

Dy(o, o) = exp[oa) — a*a,] (21)

where the FD annihilation and creation operators are given by (8). Definitions of
CS based on displacement operators are usually applied in various general-
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izations of CS [4,5,10,12,16,18]. The generalized coherent state, oc>(x) with
o = |aJexp(i@), has the following Fock expansion [18]
oy =y "B |n) (22)
n=0
where
He
b(s) zxk\:x\ ” 23
" s+ 1 V! 2; e:( ) (23)

Here, x; Ex,(fﬂ) are the roots, He,(xx) =0, of the Hermite polynomial

He,(x) = 27"/*H,(x/v/2). A method for deriving the coefficients (23) is
presented in the Appendix. In the special cases for s = 1,2, 3, the generalized
CS are as follows

o)1) = cos|||0) + esin|o||1) (24)

lot)a) = % [cos(\/§|oz|) +2]10) + \% ei“°sin(\/§|oc|)\1)

2 ..

+ % e*®[1 — cos(V/3]a])][2) (25)

fahy = 2L ) 2009

= e
) 2)(2 2 2x1x2

C1 62 21([’ X281 — X182 3ip
— ——= "3 26
R R rema ) (26)

where s, = sin(x,((4>|cx|) and ¢, = cos(x,((4)|oc|) are functions of the roots

xg % = /3 + /6. The state (24) in the two-dimensional Hilbert space is studied

in greater detail in Section IV.C. The simplicity of (24) comes from the fact that
the only nonvanishing coefﬁcwnts d,(lk), given by Eq. (A.7), are equal to unity. In
Fig. 2, the coefficients bn Y are presented in their dependence on the parameter ||
for s = 1,2,3 and s = oo. It is seen that the coefficients (23) are periodic (for
s=1, 2) or quasiperiodic (for higher s) in |& |. The generalized CS go over into the
conventional CS in the limit of s — oco. This conclusion can be drawn by
analyzing Fig. 3, where the photon-number distribution P,(n) = |b,Z * for the
generalized CS is presented for different values of s and fixed oo = 4. The
differences between |o) ) and |ot) ) vanish even for s = 50 on the scale of Fig. 3.
In order to prove this property analytically, let us expand the scalar product
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Figure 2. Generalized coherent states. The superposition coefficients bsf) for \cx)(_v) versus dis-
placement parameter amplitude || for: (a) n =0, (b) n = 1, and (c) n = 2 in the Hilbert spaces of
different dimensionality: s = 1 (dotted), s = 2 (dot—dashed), s = 3 (dashed), and s = oo (solid curves).
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Figure 3. Generalized coherent states (black bars) versus truncated coherent states (white
bars): photon-number distribution P(n) as a function of n in FD Hilbert spaces with s =5,...,50

for the same displacement parameters o = & = 4.

between |o) ;) and |ot)) in series of parameter |o|. One finds the following power

series expansions [20]

(27)

1 1
(ool etlot) sy =1 —Z|°¢|4 Jr§|0<|6 — 0(|of®)
_ L6, 3 8 0
o)) = 1= ol el = 0(1a")
_ Los 1o 0 0 2
o)) = 1 = ol + o] — (1)
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for particular values of s. We see that, with increasing dimension, the generalized
CS approach the conventional CS as
| O(‘ (s+1)

W‘F @(|°‘| (+2) ) (28)

oo)<oc|a>(s) =1-

for |af* < s.
On insertion of the coefficients (23) into the general formula (17), we get the
Wigner function for o)) in the form

(.6,) = Z expli(2k — M — s — 1)(0, — @ + 1/2)]

72 G
Pyt k(M —k+s+1)]
Y expli(2k — M)(8,, — ¢ + 1/2)]
I T — >
where
(s!)2 s s ofife Hey (x, ) Heps g (s+1) (%)
Gk T 1)3 22 expli(xy — x,)|o] [Heiy(xp)He‘y(xq)]z (30)

with n = 0, 1. By writing Eq. (29) in a form more similar to the Vaccaro—Pegg
expression, we arrive at

n — ° _ 1\k—n—s/2 Sln[(Zk —2n—s— l)(em — (P)]
Wil On) k%‘;l( g [k!(Zn—k+S_|_1)!]l/2 1k
_a c0s[(2k — 2n)(60,, — ©)]
+Z K@y S
for n < s/2, and
2n—s—1 .
- nesyp Sin[(2k = 2n 454 1) (0, — 9)]
(n em) - ; (_l)k 2 [k'(zn_k_s_ l)|]1/2 G()k
> _, cos[(2k — 2n)(0,, —
" k;n—s(_l)k [([k!(Zn —)k()!]l/2 el Gu (32)

for n > s/2. As readily seen, we cannot generally factorize this function into a
product of amplitude |o|- and phase @-dependent parts. The Wigner functions for
the generalized CS are presented for s = 18 in Fig. 4. We observe the following
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Figure 4. Generalized coherent states: Wigner function W;(n,8,,) in FD Hilbert space with
s =18 for [a) 5 with different values of displacement parameter o, chosen as fractions of the
quasiperiod T = Tig ~ 8.8. As in Fig. 1, higher values of Wigner function are depicted darker.
Negative regions are marked additionally by crosses.

behavior of the Wigner function. The shape of the respective graph is
approximately periodic (referred to as the quasiperiodic) in the parameter |o|
with quasi-period T ~ 8.8. We find that for small | | the shape is essentially the
same as that described in Ref. [57]—for n < s/2, there are two peaks for
opposite phases, whereas for n > s/2 we observe a peak and an antipeak. Note,
the peaks at the borders are artificially split up in our Cartesian representation of
the Wigner function. The peaks or antipeaks are located at such positions that on
summing the W function with constant n (or 6,,) over 0,, (or n), we get the
probability distribution of n (or 8, respectively). Then, with increasing |o,
interesting oscillations in photon number appear. Their culmination is at
|| = T,/2 (Fig. 4c), where only even photon numbers are present. For this
value of o, the generalized coherent state approaches an even CS, namely, the
case of a Schrodinger cat state, described in detail in Section V.C. By further
enlarging ||, the W function returns to its previous shapes through the transition
regime (for |o| ~ 27;/3 in Fig. 4d) to the case of the inner two-peak and outer
peak—antipeak structure, similar to the Vaccaro—Pegg results. For |o| & 57,/6 as
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given in Fig. 4e, the W function is very similar to that presented in Fig. 4a for
|ot| = T /6, but with opposite phase. Finally, for || = T as presented in Fig. 4f,
we arrive at an almost vacuum state. By further increasing |o, these shapes of the
W-function graph reappeared for several quasiperiods 7. Similar behavior can
be observed also for other values of s.

This quasiperiodicity can be explained as follows. By applying the fitting
procedure, based on the WKB (Wentzel—-Kramers—Brillouin) method, one can
find that the smallest positive root x; = x&”l) of the Hermite polynomial

He,, 1 (x) is approximately equal to

(s+1) 2n
xR Yo (33)
(for even s). Besides, it is well known that the nearest-to-zero roots of the
Hermite polynomials are approximately equidistant. Thus, their difference
Ax = xp41 — x¢ is approximately given by (33), which is 0.71 for s = 18. The
predominant terms of the sum in (23) depend on |o| approximately as
exp(igAx|a|), where g=0,+1,£2,.... These exponential functions are
quasiperiodic with approximate mean period (referred to as the quasiperiod)
given by [20,64]

Ty~ \V4s+6 (34)

for even s. From Eq. (34), the quasiperiod for s = 18 is approximately equal to
8.8. For 0dd n, the property He,,(—x;) = (—1)"He,(x;) holds. On the other hand,
the odd coefficients 7 in the sum (23) contain sine functions, which are zero in the
middle of their period. Therefore, for |o| = T;/2, the odd n terms almost
disappear, and we get an approximately even coherent state. We analyze in detail
the W functions for even s only. Nonetheless, for completeness of our discussion,
we give the explicit approximate expression for the quasiperiod

T, ~ 245 + 6 (35)

for odd s, which is twice larger than the quasi-period given by (34) for a chosen
value of s.

B. Truncated Coherent States

Kuang et al. [17] defined the normalized FD coherent states by truncating the
Fock expansion of the conventional ID coherent states or equivalently by the
action of the operator exp(a &T) (with proper normalization) on vacuum state.
The Kuang et al. approach is similar to the Vaccaro—Pegg treatment [57] of the
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Wigner function for CS. The state |a ),
by its Fock expansion [17]

where & = |& |exp(i@), can be defined

|8 )y) = A5 exp(aal) |0) =Y b |n) (36)
n=0

with the Poissonian superposition coefficients

(37)
n= 0

normalized by

)71/2 _ {(71)%;5,1“&‘2)}71/2 (38)

where L (x) is the generalized Laguerre polynomial. Equation (36) is just the
Fock expansion of the conventional ID CS, which are truncated at an sth term and
properly normalized. For this reason we shall refer to the state (36) as the
truncated CS. In Fig. 5, the superposition coefficients bgf), given by Eq. (37) for
the truncated CS |a ) are presented as a function of the parameter |oc| |t
in #Y with s = 1,2, 3 and s = 0co. As seen in Fig. 5, the coefficients b are
aperiodic functlons of |&|. We emphasize the essential difference between the
generalized and truncated CS. The former are periodic or quasiperiodic, while
the latter are aperiodic in || = |o]. Nevertheless, both |a)) and [a ), go over
into the conventional Glauber CS in the limit of s — oo as is convincingly
depicted in Fig. 3. By definition, the truncated CS go over into the Glauber CS in
the limit of s — oco. Nevertheless, for better comparison with the generalized CS,
given by (20), we show this property explicitly by expanding the scalar products

1.0 1.0 1.0
- &
To05 T~ 0.5} 7
o o
0.0 s I L N e 0.0
5 5 10 0 5 10
ol ol ol
(a) ) (c)
Figure 5. Truncated coherent states. Superposition coefficients b of |o) () versus

displacement parameter amplitude |&| for the same cases as in Fig. 2.
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between |a ;) and |ot).) in power series of |of. We have [20]

(o[ )1) =1 ——\Otl +2 |°€| O(lol*)

— 1 )
okl = 1 = o +16| - 02")

‘ 2
(cofet|®)3) =1 *—Ia\ +% |0<| - 0(j9") (39)
where we put oo = a. We find by induction that, with increasing dimension

(s + 1), the truncated CS approach the conventional CS

|(x| (s+1)

S 2(s+1)!

(cofetld ) = + 0| (40)

for o] = |a|* < s. Although Egs. (28) and (40) have the same form, a closer
comparison of Egs. (27) and (39) shows that the states [0 approach [ot),)

slower than |& )y do and, in fact, the corrections (9(|oc\2<v+2)) in Eq. (39) are
smaller than those in Eq. (27). Finally, let us expand the scalar product between
|ot)s) and |a ) for s=1, 2, 3 in power series of o = &. We find that

ey = 1= —\ *+ 5 Iocl = 0(|o")
efed ) =1 —*\ *+ SOOM — 0(jo"?)
T 1—@ o' + o ol — (1ol ) (41)
The expansions up to |<x| ) can be written in general form as
7 o2 2543)
(o)) = —m+@(\dl ) (42)

All these three types of CS are approximately equal for |& |* = |o|* < s, since
the scalar products between them tend to unity. The higher s, the greater is the
range of |o|, where the scalar product tends to unity. However, the states are
significantly different for values |oc|2 = 5. By comparing Eqgs. (28), (40), and (42)
for the same s, we observe that |o),) and |& ) approach each other faster than

|O(>(oo)
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In order to calculate the Wigner function, we substitute Eq. (37) into Eq. (17),
arriving at

VKM = k)!

. z;: |& |M+s+1 ) (43)

Wy(n,8,) = <Z 2" exp i(2k—M)(8,, — )]

Ko7 V(M — k45 + 1)

where M = 2n mod(s + 1). Equation (43) can be written in a form useful for a
comparison with the Vaccaro—Pegg result

1 ~ —
Wf(”hgm) = s+l [A](ﬂ, |OC |)<1>1(n, em, (p) + Az(n7 ‘0( ‘)(1)2(;/179m7 (P)] (44)
where
I A
Ay (n, = s
() = w
cos[(2k — M)(6,, — ¢)]
n, 0, @) = py! 45
( ; k[ M — k) ]1/2 ( )
and
B JV2|5(|M+S+1
A(n,|a]) =—=""—"—
2(n, [a]) o
S, cos[(2k — M — s —1)(8,, —
Bl 00 0) = ! 3 L SO0l g

ar KM =k + s+ 1))

Here, n; = [M /2] is the integer part of M /2, and similarly pw, = [(M + 1+s)/2].
We note that the functions A; do not depend on the phase ¢ of o and similarly the
functions ®; do not depend on its amplitude | |. In the Vaccaro—Pegg treatment,
o |2 was always much less than s, so that the second term of Eq. (44) could be
neglected. Then the Wigner function was factorizable into the amplitude-
dependent function A; and the phase-dependent function ®;, and the normal-
izing constant ./, was approximated by exp(—|a|*/2). It can be seen that for
general values of & of the truncated CS this factorization is no longer feasible.
Moreover, for large | |, the second term of Eq. (44) becomes predominant. We
compare different shapes of the W functions for various o in Fig. 6. The
functions are computed for s = 18. With |a| increasing from zero, the shape of
the generalized CS is initially very similar to that of the truncated CS (see Fig. 4).
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Figure 6. Truncated coherent states. Wigner function for |6()(18) with different displacement
parameters & given by fractions of 7 = 8.8.

It occurs up to the peak—antipeak transition from n = s to n = 0 around the value
|&|* & 5/2 (corresponding to |ot| ~ T, /3 in Fig. 6b). However, if |&|* > 5/2, the
situation is inverse: the second term of Eq. (44) is now predominant and we
observe two peaks for n > s/2 and a peak—antipeak structure for n < 5/2 (e.g.,
Fig. 6d). In the case when |& \2 ~ s (Fig. 6¢), the W function has a more general
shape. With increasing |& | the two-peak structure shifts to larger values of n,
while the peak—antipeak structure gradually vanishes at n < s/2 (Fig. 6d,e). The
shape is still comparatively simple because the function Eq. (44) is a sum of only
two factorizable terms. By further increasing |& | > T, the Wigner function has
a very simply structure representing the number state |s). Even for |& | = 27, as
presented in Fig. 6f, the peak—antipeak structure at n < s/2 vanishes almost
completely. In the limit of |&|*/s — oo, the truncated CS approaches the number
state |s). This conclusion can also be deduced from the behavior of the
superposition coefficients b,<f> in their dependence on |a | as depicted Fig. 5. In
contrast to the generalized CS, the behavior of the truncated CS is aperiodic in
o]
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C. Example: Two-Dimensional Coherent States

The simplest nontrivial FD states are those spanned in a two-dimensional
system, namely, for s = 1. States in such a system have intensively been studied
by authors dealing with the general problem of finite-dimensional quantum
optical states [16,17,28]. Here, we would like to discuss this problem from other
points of view. Two-dimensional systems are well known in various fields of
physics, and we thus can apply the results and concepts to describe our
situation. Examples of realizations of such a system can be given by the spin
projection of spin-% particle, two-level atom, or quantum dot. Hence, the CS in
) [see Egs. (48) and (50)] can, in fact, be identified with the coherent spin—%
state [4] or equivalently with the two-level atomic coherent state [5]. In the case
of s = 1, the terms photon number, phase, and FD harmonic oscillator are a bit
confusing and should be understood, for example, as [55] z component of spin
divided by h, angle of orientation about the z axis, and spin, respectively, or
equivalently as atomic quantities [5,16]. We use the notion two-dimensional
space or states to be consistent with our general terminology applied in earlier
sections. Although, we are aware that this terminology might be misleading. In
this section we use a Poincaré sphere representation for the description of the
states discussed and their properties, like various operator averages and
squeezing degrees. Finally, we present the W function for two-dimensional CS.

It is well known that states in a two-dimensional system can be described by
means of the Stokes parameters and visualized by means of the Poincaré sphere.
The density matrix of any two-state system can be written in the form

) 1(1+,¢Z Sx+i,¢y)
p==

47
2\ S —isy 1-, (47)

where %, &), and &, are the Stokes parameters. Using these parameters as
coordinates of a point in three-dimensional space, any state corresponds to a
point on a unit radius sphere, the so-called Poincaré sphere. Pure states are
represented by points on the surface, while mixed-state points lie inside the
sphere. Now, using this tool, we can display both the two-dimensional
generalized and truncated CS and compare their expressions.

For the two-dimensional generalized CS, given by

ot) 1) = cos|a||0) + exp(ip)sin|af [1) (48)

the Stokes parameters are found to be
S = sin 2|a| cos ¢
&y = —sin2| a|sin
S, = cos2|al (49)
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We note that any pure state in # (1) is coherent. The interpretation of the parameter
o is very simple; its module is proportional to the polar coordinate, while its argu-
ment ¢ is the azimuthal coordinate of the representative Poincaré sphere point.

Similarly, we find the Stokes parameters for the truncated CS, given by (36). The
two-dimensional state |0 ), with the parameter & = |& [exp(i), is expressed by

oy = ——— 10) + explio) 2
(1) = —F== —F—
V1+al V1+al
= cos(arctan |@ |)|0) + exp(ip) sin(arctan |&]) |1) (50)

The Stokes parameters are now

Lo=2 —||—oc 5 COS @

1+ |af
P A 0
y 1+|—|2
1—faf
P 1 (s1)
1+ o]

The function of the argument o is the same as for the generalized CS, while the
meaning of module |& | is different from that of |a|. We observe, for instance,
neither periodicity nor quasiperiodicity in |& |. To interpret |a |, we write the last
equation in (51) in the form |&|/(1 — yf)]/z =1/(1 4+ ;). Thus, for a given &,
one can construct the corresponding Poincaré sphere point as follows [20]: (1) by
locating the complex number & in the .., plane, so that the ¥, (—%,) coor-
dinate is the real (imaginary) part of &, respectively; and (2) by connecting this
point with the lower pole of the Poincaré sphere by a straight line. The other inter-
section of the line and the sphere is then the point representing the coherent state.

For the case of two-dimensional CS, there have been computed quantities
such as the mean values and variances of the various operators, including N and
d quadratures and their commutators [16,17]. Most of these quantities can
easily be displayed on the Poincaré sphere and expressed by means of the
Stokes parameters. We find that the following mean values and variances are
given respectively by

-9
) =157
k= L4
2
(AG)) = (?3 + S
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and the mean value of the N — ® commutator is

A ins
(N, &) = (53)
The degrees of squeezing Sy and Sg are defined by
Sy = 2((AN)) (v, &))" — 1
Se = 2((A®)") [([V, &))" — 1 (54)
They can be written in terms of the Stokes parameters as
1S+ S
¥ n N
S+ 7
Sp=n———=—1 55
] G3)

We found for the case of s = 1 that the averages of the quantum optical quantities
are simply related to the Stokes parameters. The correspondence can also be
expressed in terms of the operators N and d in relation to the Pauli matrices G,
and G,, or the quadratures X, and Y, related to &, and Gy.

Finally, we find the explicit expression for the Wigner function in n and 6 for
two-dimensional generalized CS. We get

W;(n,0,,) = % 1+ (=1)"cos(2]al)
+

(—1)"V/2sin (2|o]) cos ((p —(—1)"2)] (56)

On simple replacement of |a| by arctan |a.| in Eq. (56), one obtains the W-
function for the two-dimensional truncated CS.

V. OTHER FD QUANTUM-OPTICAL STATES

Analogously to the generalized CS in a FD Hilbert space, analyzed in Section
IV.A, other states of the electromagnetic field can be defined by the action of the
FD displacement or squeeze operators. In particular, FD displaced phase states
and coherent phase states were discussed by Gangopadhyay [28]. Generalized
displaced number states and Schrodinger cats were analyzed in Ref. 21 and
generalized squeezed vacuum was studied in Ref. 34. A different approach to
construction of FD states can be based on truncation of the Fock expansion of
the well-known ID harmonic oscillator states. The same construction, as for the
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truncated CS, was applied to analyze, for instance, truncated Schrodinger cats
by Zhu and Kuang [25,35], Miranowicz et al. [21], and Roy and Roy [24];
truncated phase CS by Kuang and Chen [27]; truncated displaced number states
by Miranowicz et al. [21], or truncated squeezed vacuum by Miranowicz et al.
[34].

A. FD Phase Coherent States

Here, we study two kinds of FD phase coherent states associated with the Pegg—
Barnett Hermitian optical phase formalism [26]. First states, referred to as the
generalized phase CS or coherent phase states, are generated by the action of the
phase displacement operator. This definition of the phase CS was applied by
Gangopadhyay [28] in close analogy to Glauber’s idea of the conventional CS.
The second definition of phase CS is based on another phase ‘“‘displacement”
operator formally designed by Kuang and Chen [27]. We shall refer to these
states as the truncated phase CS to stress its similarity to the truncated CS
described in Section IV.B. We construct the phase CS explicitly and derive their
discrete Wigner representation. The FD phase CS are not only mathematical
structures. A framework for their physical interpretation is provided by cavity
quantum electrodynamics and atomic physics.

1.  Generalized Phase CS

Gangopadhyay [28] has proposed a definition of the generalized phase CS in
formal analogy to the generalized CS, defined by Eq. (20). The main idea is to
choose a preferred phase state |0), and then to construct the phase creation (éh
and phase annihilation (¢,) operators analogously to the conventional (photon-
number) creation and annihilation operators. The phase CS are then constructed
by replacing vacuum |0) by |6y), and the operators @, and a! by $, and (i)j,
respectively, as given by Eq. (11). Thus, the generalized phase CS is defined to
be [28]

“37 e0>(3) = DS(B? e()) ‘60> (57)
by the action of the phase displacement operator
D(B,00) = exp[Bo] — Bd,] (58)

on the preferred phase state |0p). By generalizing the method described in
Appendix, one can find the following phase-state representation of the general-
ized phase CS [29]

B, Bo)s) = Z l=m0)e bﬁ,‘f)|6m> (59)
m=0
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where ¢ = Arg p and the decomposition coefficients are

| jMmoth
b = b (0g) = —— (—1)"
s . He (xk)HemO(xk)
x ) exp(ingy,[B]) — 5 " (60)
; Hef(xk)
Here, x; = xfﬁ ) are the roots of the Hermite polynomial, Hey(x;) = 0. For
brevity, we have denoted p = m + mo mod(s + 1) and vy, = ff] The values 6,,

are chosen mod(2m). We also assume that the permitted values of 6, are not
completely arbitrary but restricted to =T mo mod(2mn) (where mg = 0,1,...).Ina
special case, for 0p =0 and s = 1, the phase CS reduce to the state |B,00 = 0))
studied by Gangopadhyay [28]. Here, for simplicity, we also consider the case of
6o = 0.

2. Truncated Phase CS

Kuang and Chen [27] defined the FD phase CS, denoted as |B, 00)s), by the

action of the FD operator exp(Bc]) ) on the phase state |0). The reference phase

0o is chosen as zero [27]. Therefore, on comparing the explicit expressions for

ag and d)v, it is clear that the states |, 0o)) are in close analogy to the truncated

CS [20]. For thls reason we shall refer to the states |B 60> as the truncated

phase CSin #). For completeness, we present the phase-space expansion with
— Blexp(i) given by [27]

B

B, 6oy = A sexp(Bo})[60) = > _ e b})[0) (61)
m=0
where
S ~ o\ —1/2
m s m ) s = £ !
and y, = %fl as in Eq. (60). In particular, squeezing properties of the truncated

phase CS were analyzed by Kuang and Chen [27]. They have paid special
attention to the two-dimensional case.

Although many properties of the phase CS are known by now, for their better
understanding it is very useful to analyze graphs of their quasidistributions. The
discrete Wigner function, as defined by Wootters [55] (see also Ref. 57), takes
the following form for s > 1

I =) s i
Ws(na em) - H‘—lz bgnlp bg,;lpexp |:_21p (S + l n + (P):| (63>
p=0
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for the generalized phase CS with bE,S) given by (60) and for the truncated phase
CS with superposition coefficients (62). In Eq. (63), the subscripts m & p are
assumed to be mod(s+ 1). One can obtain the particularly simple Wigner
function for s = 1 [55].

)s)» and truncated phase CS, |B,60)y), are
associated with the Pegg—Barnett formahsm of the Hermitian phase operator P,
The operators o, (]) and d) do not exist in the conventional ID Hilbert space
) Thus the generalized and truncated phase CS are properly defined only in
A9 of finite dimension. States |B Bo)s) and |B, 00)), similar to |or) ) and |&)y),
approach each other for \B| B < s/ n [20]. ThlS can be shown exphc1t1y by
calculating the scalar product between generalized and truncated phase CS. We

find (B = B)

_ (VaBp*©r?

0N 2(s+3)
25l 1 2 +O(BIT) (64)

(s)<Ba 60|B7 90>(3) =

For values |B\ B> ~ s/m or greater than s/m, the differences between
IB, 00)s) and B, 6o),) become significant.

In Fig. 7, a few examples of the Wigner function for |B,0)s) are presented
for different values of the phase displacement parameter . Because of space
limits in this chapter, the corresponding figures for the truncated phase CS are
not presented. In Fig. 7c, we observe that |, 0)) is quasiperiodic in B. Closer
analysis of Eq. (60), in comparison to (23), shows that the quasiperiod T for
IB,0)y) is the same as that for the generalized coherent states. Thus, it is given
by Eq (34) for even s and Eq. (35) for odd s. Yet, the evolution of the
generalized phase CS is more complicated than that for the generalized CS, as
seen on comparing Figs. 7a,b with the corresponding Figs. 4b,d. As was

T/3 2T/3 T
187 = = = | 18 18
no9 no9 n o9
o 0. % - S x[x l o
-9 0 9 -9 0 9 -9 0 9
m m m
(a) (b) (c)

Figure 7. Generalized phase coherent states. Wigner function for |f3, 0>(18) with different phase
displacement parameters § chosen to be fractions of the quasiperiod 7 = T3 = 8.8.
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discussed in Ref. 29, the truncated phase CS are aperiodic in B for any
dimension.

B. FD Displaced Number States

In this section, we propose two nonequivalent definitions of the displaced
number states (DNS) in the FD Hilbert space and show that the FD states go
over into the conventional DNS discussed, for instance, by de Oliveira et al.
[65].

1.  Generalized DNS

Analogously to the generalized CS, given by Eq. (20), we define the generalized
DNS as follows

o, gy = D" (1) ) (65)

as the result of action of the displacement operator D(S) (o), given by Eq. (21), on
the number state |n;). By using the same method as described in Appendix for
|ot)s), we find the following explicit Fock representation of the generalized DNS

|, )5y = Dy(at)|ng) = Ze n=n) ps) ) (66)
n=0
where
i"( He, (x;)He,
b = b (ng) = — Zem | =5 xk) He,(w)Hen, (v) )

" s+ 1 \/n'nd He? (xy)

and o = |o|exp(i®). In the dimension limit, s — oo, the generalized DNS go
over into the conventional DNS defined, for example, in Refs. 65 and 43. This
property can readily be deduced from lim,_., Dy = D, = D. Obviously, in the
special case of n; = 0 the generalized DNS reduce to the generalized CS defined
by Eq. (20).

2. Truncated DNS

Let us define the finite-dimensional DNS, which in a special case go over into
the truncated CS of Kuang et al. [17] and into the conventional DNS [65] in the
limit of s — co. We define the truncated displaced number states, |3, 7)), by
the following Fock representation

Zb =10 ) (68)
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where

N 1/2
b = b (ng) = N (Z—;> (—0= e L (e’ (69)

—1/2
Ny = ([ na) = <Z| [ = 1) )1) (70)

n=0

For brevity, we have introduced the indices n; = min(n,n,;) and
ny = max(n,ny). The state (68) is, in fact, given by the Fock expansion of the
conventional ID DNS [43,65], which are truncated at the (s + 1)th term and
properly normalized. This construction justifies our name for Eq. (68).
Alternatively, the states (68) can be defined by the action of the FD factorized
displacement operator, exp(d a,')exp(—a *a,), on a number state |ny):

|6, na)s) = ,/Vsexp(&&sf)exp(—&*&j)|nd> (71)

The equation explicitly shows how the concept of the truncated CS, given by
(36), is generalized. The truncated DNS are different from the generalized DNS,
given by (65). The differences are particularly distinct for values |&|* = |o|* of
the order s or greater. However, for |&|* = |a|* < s, the FD displaced number
states oL, 1)) and |6, ng)s) approach each other.

In Fig. 8, we present a few examples of the Wigner function for the
generalized DNS with ny = 1, and 2. We observe that |, ng) are quasiperiodic
in |ot| with the same quasiperiods as those for the generalized CS given by Egs.
(34) and (35) for even and odd s, respectively. At multiples of T, the initial
number state |ng) is partially recovered, as observed in Figs. 4f and 8c,f.
However, the periodicity is deteriorated with increasing photon number n,. The
most precise periodicity is observed for |a, 0) ), as depicted in Fig. 4f. It is worse
for [o, 1),y (Fig. 8c), and even worse for |, 2)) as seen in Fig. 8f. In fact, the
entire evolution of |a, 1)) becomes more complicated with increasing number
ng as can be observed by comparing Figs. 4b,c.f, 8a—c and 8d-f, respectively.
For brevity, we omit the corresponding figures for the truncated DNS. The
Wigner functions for |a, 74) ) and |6, n4)5) are almost indistinguishable for the
displacement parameter |o| = |&| and n; much less than s. However, for higher
values of these parameters, the generalized and truncated DNS behave quali-
tatively different. As discussed, the former states are periodic or quasiperiodic,
but the latter are aperiodic with the increasing displacement parameter.

C. FD Schrodinger Cats

Superpositions of two CS have attracted much attention [13,66] as simple
examples of Schrodinger cats. In this Section, we will discuss two kinds of FD
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Figure 8. Generalized displaced number states. Wigner function for o, nd)(s) = |a, 1>(13) (a—c)
and |o, 2>(]8) (d—f) with different displacement parameters o given by fractions of the quasiperiod
T =Ty =388.

analogs of the conventional ID even and odd CS of Malkin and Man’ko [13].
The Schrodinger cats in FD Hilbert spaces were discussed, for example, by Zhu
and Kuang [25], Miranowicz, Opatrny and Bajer [21], and Roy and Roy [24].

1. Generalized Schrodinger Cats

Let us define the generalized even CS by [21]

o)) = os (Jotks) + 1 = o)) (72)
and odd CS by

loti sy = 15 (|ohsy = | = 2s)) (73)

where the normalization is guaranteed by .#s, (5 = 0, 1). On inserting Eq. (22)
into (72) and (73), we find the Fock expansions of the Schrodinger cats in
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the forms
[s/2] ()
|O(0>(S) = Nos Z elZn(p bZil |2I’l>
n=0
[s/2] ©
ok = A 1s YL 2+ 1) (74)
n=0

where the coefficients b are given by Eq. (23); [s/2] is the integer part of s/2,

and the normalizations are (6 = 0, 1):

~1/2

[s/2]
N5 = (Z (bé‘i3+5>2> (75)

n=0

Analogously one can construct FD superpositions of several CS, that is, FD
Schrodinger cat-like or kitten states, which in the limit go over into the
conventional ID ones [66,67].

2.  Truncated Schrodinger Cats

FD even and odd CS can be constructed in a way slightly different from that
presented in the preceding paragraph. Instead of the generalized CS, the
truncated CS can be used in the definitions (72) and (73). This approach was
explored by Zhu and Kuang [25], and Roy and Roy [24]. We rewrite briefly
their explicit expressions for [ao),) and |a1)y) in Fock representation

I[S/2]] & 2n+d4

|6 5)s) = A s ' 2n + ) (76)

;\/(2}14’6)

where 6 = 0 for even cats and 6 = 1 for odd cats. The normalization is

/25 penss)) ~ /2
N s = Z m (77)

Equation (76) can directly be calculated from Eqs. (72) and (73) after replacing
| + o)y by | £ & )), given by their Fock expansion (36). Therefore, we refer to
the states (76) as the truncated states.

Several examples of the Wigner function for the generalized even and odd
CS are presented in Fig. 9. Their interpretation is quite clear. These are two-
peak structures with many interference fringes. The fringes in the Wigner
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Figure 9. Generalized Schrodinger cats. Wigner function for ‘0‘0>(1s) (a—c) and \011)(18) (d—f)
with o given by fractions of the quasiperiod T = T3 = 8.8.

function are typical of superposition states, and are not observed for a mixture
of states. The main difference between the Wigner functions presented in
Fig. 9a— and d—f consists in a shift of the interference fringes. Let us note that
the generalized CS for |o| = T,/2, presented in Fig. 4c, is approximately equal
to the even CS for the same value of |a|. Unfortunately, because of space
limitations here, the corresponding Wigner functions for the truncated cats are
skipped. Let us mention that only for small displacement parameter
|6(|2 = \oc|2 < s, the truncated and generalized cats have similar properties
since approx1mately holds [og)5) ~ [0Lo)s) and |ou ) = & 1)). However, for
higher values of \oc| (roughly est1mated to be greater than T / 3) discrepancies
between the generalized and truncated Schrodinger cats become essential since
they are defined in terms of the CS |£a), and |£0a ), exhibiting different
properties for large \oc| as seen by comparing Figs. 4c—f and 6¢c—f. These
discrepancies result from periodic or quasiperiodic behavior of the generalized
states and aperiodic behavior of the truncated states.
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D. FD Squeezed Vacuum

Here, we discuss two kinds of FD squeezed vacuum. We will present explicit
forms of these states, which reveal the differences and similarities between them
and the conventional IF squeezed vacuum [68] or FD coherent state. We will
show that our states are properly normalized in 5 ) of arbitrary dimension and
go over into the conventional squeezed vacuum if the dimension is much greater
than the square of the squeeze parameter. Squeezing and squeezed states in FD
Hilbert spaces were analyzed, in particular, by Wodkiewicz et al. [31], Figurny
et al. [32], Wineland et al. [33], Buzek et al. [16], and Opatrny et al. [20]. An FD
analog of the conventional squeezed vacuum was proposed by Miranowicz et al.
[34].

1.  Generalized Squeezed Vacuum

By analogy with the conventional squeezed vacuum [68], we define the genera-
lized squeezed vacuum in the (s 4+ 1)-dimensional Hilbert space by [34]

Q) = 8:(¢) 10) (78)

as the result of action of the generalized FD squeeze operator

$:(¢) = exp{3(¢a® — C'a)) } (79)
on vacuum. Here, ¢ = ||exp(i@) is the complex squeeze parameter; G and af
are, respectively, the FD annihilation and creation operators defined by Eq. (8).
The method for finding explicit number-state representation of the generalized

CS, presented in Appendix, can also be applied here. We find the following
explicit Fock expansion of the generalized squeezed vacuum

(¢}
= _bye"|an) (80)
n=0
with the superposition coefficients given by

W) = Z ae % (81)

where ¢ = [s/2] and G,(x) are the Meixner—Sheffer orthogonal polynomials
defined by the recurrence relation [69]

Gpi1 = G, — 2n(2n — 1)G,_, (82)
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forn =2,3,..., together with Go(x) = 1 and G;(x) = x. In Eq. (81), x; = x,({GH)
is the kth root (k = 0, ..., ) of the polynomial G (x) and G/, (xx) denotes
the x derivative at x = x;. Since Eq. (81) is of a rather complicated form, we
present a few examples of the FD squeezed vacuum for small dimensions. For

s = 2 and 3, we find
[C)2) = [¢)3) = cos BlO) + €sin B|2) (83)

where B = J x| = \/L§|<| For s = 4,5, we have

1) = 1Q)s) = 5 (6 +cosP)[0) + e"(PLSiHB|2> + €2i$%\/gsin2 <; B) 4)

V7

~| =

(84)

where =3 |<xé3)| = \/ZK |. The generalized squeezed vacuum, given by (80),
has more complicated form in Fock basis than that for the generalized CS,
described by (22). In particular, the solution (81) contains rather complicated
Meixner—Sheffer polynomials instead of the well-known Hermite polynomials,
which occur in the expansions for the generalized CS.

Here, we discuss only a few basic properties of generalized squeezed
vacuum, given by (78). By definition, it is properly normalized for arbitrary
dimension of the Hilbert space. There are several ways to prove that the
generalized squeezed vacuum goes over into the conventional squeezed vacuum
(I¢)) in the limit of s — co. By definition (78), one can conclude that the
property limy_ |C)s) = [C}oc) = |¢) holds, since the FD annihilation and
creation operators go over into the conventional ones: limy . a;, =a and
limg_, &I = a'. One can also show, at least numerically, that the superposition
coefficients (81) approach the coefficients b, for the conventional squeezed
vacuum: limHoobgf) =b, forn=0,...,s. We apply another method based on
the calculation of the scalar product ((|()). We show the analytical results for
[¢] <1 only. We have found the scalar product between conventional and
generalized squeezed vacuums in the form (for even s)

(€I = (€l =1+ D (=Dl < 1 (86)
k=1

where the coefficients c,(f) are positive and less than one for any k and s. We find

that the explicit expansion up to |¢|""* can be given in terms of the binomial
coefficient as follows:

+1 s+2
(et = telcheen =1 () (§) venay e
2
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In particular, for s = 2,...,7, we have

<mm=mq-J——m+||—am%

185

1 ~110
o <1 = 0iT™)

{CICha) = {lChs) = 1 —*ICI +

(cloke = €Ik = 1 — 5ec | +551¢/" ~ 0(1¢]") (88)

It is clearly seen that, for a given (, the scalar products become closer to unity
with increasing space dimension. We conclude that the generalized state (78)
approaches the conventional squeezed vacuum in the dimension limit.

2. Truncated Squeezed Vacuum

One can propose another definition of a FD squeezed vacuum, such as by
truncation of the Fock expansion of the conventional squeezed vacuum at the
state |s). Thus, we define the truncated squeezed vacuum as follows [34]

o+l
[Choy =D bhle™|2m) (89)
n=0
with the superposition coefficients
s 2n)!
b = a7, (,”) % (90)
n.

normalized by

_ 2641 3
,/Vszzcoshc—ztz‘-‘“( G; >2F1(1,{§+0,2+G},4t2) (91)

where o = [s/2]; =3 , and oF; is the generalized hypergeometric
function. We marked with a bar the complex squeeze parameter ( for the
truncated states in order to distinguish it from the generalized squeezed vacuum
defined by applying the FD squeeze operator. We give an example of the
truncated squeezed vacuum. For s = 2,3, Eq. (89) reduces to

o) + var2)

V142 42)
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Figure 10. Generalized squeezed vacuum. (a) Vacuum-state probability, P;s(0) = \b818)|2, for
|(>(18) as a function of the squeeze parameter amplitude |(|; (b—f) Wigner function for |) (18) With ¢
given by fractions of the quasiperiod 7" = T}y = 12.8.

The state (89), by definition, goes over into the conventional squeezed vacuum in
the limit of large dimension: lim, .. [(),) =|¢) =[¢). We can explicitly
show this by expanding the scalar products between them in power series with
respect to |¢|* = |C|* < 5. We find (for even s)

(€1 Ns) = (0o(CIC 51 (93)

under assumption ¢ = @. In particular, we have
o o 34,3 6 o1
o fCICK2) = (oClChs) = 1= 1 IS + 1 I¢l” = AI¢)

(€l = (€100 = 1~ 3 1€+ 3ecl* — 01]")

119

(€12 = €Ik = 1~ 5ec P + 32 kI () (94
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We can also explicitly compare [, 2ng)y) with |, 2ng)) with the help of their
scalar products. In particular, by putting ¢ = ¢, we have

mmamzawmx—l——w|+ |ﬁ—am%

131
210 |C‘10 - @(|C‘]2)

189
210

(4)<C|§>(4) = (5)<C|§>( =1 *W\CI + 510

6(CIC ey = @Iy =1 - Do B2 oy )

640
By comparing Eq. (95) with Egs. (88) and (94), we can conclude that the
differences between the generalized and truncated squeezed vacuums are smaller
than those between them and the conventional squeezed vacuum. All these states
coincide in the high-dimension limit. In Fig. 10b—f, we have presented the
Wigner representation of the generalized squeezed vacuum for those values of
the squeeze parameter ||, which correspond to max1mum and minimum values
of the vacuum-state probability given by P,(0) = \bo |* (see Fig. 10a). We
find that the generalized squeezed vacuum is quasiperiodic in |{|. Although, its
quasi-period 7, differs from 7, for the generalized CS, phase CS, displaced
number states or Schrodinger cats, as given by Eqgs. (34) and (35). The truncated
squeezed vacuum is aperiodic in ||, similarly to other truncated quantum-
optical states discussed in Sections IV and V.

VI. CONCLUSION

We have compared two approaches to define finite-dimensional (FD) analogs of
the conventional quantum-optical states of infinite-dimensional Hilbert space.
We have contrasted (1) the generalized coherent states (CS), defined by the
action of the generalized FD displacement operator on vacuum, with (2) the
truncated CS, defined by the normalized truncated Fock expansion of the
conventional Glauber CS. We have shown both analytically and graphically that
these CS constructed in FD Hilbert spaces exhibit essentially different
behaviors; the generalized CS are periodic (for s =1,2) or quasi-periodic (for
higher s < oo) functions of the displacement parameter, whereas the truncated
CS are aperiodic for any s (even for s = 1). Both the generalized and truncated
CS go over into the conventional CS in the dimension limit. Nevertheless, the
truncated CS approach the conventional Glauber CS faster than the generalized
CS do. Besides, as the special case, we have compared in detail the two-
dimensional CS. We have analyzed other finite-dimensional quantum-optical
states. In particular, we have discussed: (1) FD phase coherent states, (2) FD
displaced number states; (3) FD Schrodinger cats, including even and odd CS;
and (4) FD squeezed vacuums. We have confronted two essentially different
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ways of defining states in FD Hilbert spaces. We have constructed explicitly all
of these states generated by various finite-dimensional displacement or squeeze
operators using the method developed in Ref. 18 for the generalized CS. We
have also presented graphical representations of the discrete number-phase
Wigner function, which enabled us a very intuitive understanding of the
properties of the generalized and truncated quantum-optical states.

APPENDIX

Here, after Ref. 18, we present a method for finding the coefficients bﬁ,” of Fock
representation of the generalized CS, given by Eq. (22).

The Baker—Hausdorf formula cannot be used to solve this problem because
the commutator of the annihilation @ and creation af operators is not a ¢
number. A numerical procedure, leading to the coefﬁments b,, ), was proposed
by Buzek et al. [16]. In order to solve this problem analytically [18], it is of
advantage to express the conventional coherent state, |a), in the Fock
representation in a different manner

:i ocanoca 0)

n=0
oo [n/2]
n — 2k
Z nn 2k( o4 )kanik|n - 2k> (Al)

n=0 k=0

=~

where
dyy = (Z) (n—k— 1! (A.2)

and [x] is the integer part of x. Thus, Eq. (A.1) for the generalized CS can be
rewritten as

K 00 \/ﬁ s (e . K E
|oc><s>=2[27 dy)(—a) "R e =Sl (A3)
. k=0

k=0 | n=k

The problem reduces to derivation of the coefficients dff,)( satisfying the condition

in the dimension limit

limd¥) = d = dy = (”) (n—k— 1) (A.4)
§—00 ’ k
We obtain the following simple recurrence formula

dy) = ekdii)l:kfl + (k+1)0;1d)) Skt (A5)
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with the conditions djy = 1 and d_’),, = 0 for s,k > 0. In Eq. (A.5), 0, is the
Heaviside function defined to be
1 for s>n

Onze(s—n):{o for s<n (A.6)

The solution of the recurrence formula (A.5) is

! . H
4y = e"(xl)zxy (A7)
ki(s + 1) 4= [He, (x)]
where x; = xESH) are the roots of the Hermite polynomial He,,(x). A solution
similar to ours (A.7) was found by Figurny et al. [32] in their analysis of the
eigenvalues of the truncated quadrature operators. On performing summation in
Eq. (A.3) with the coefficients d 553, given by (A.7), one readily arrives at

o = 1%2 exp{i[n(*57) + sl } e = ern) (as)

or, equivalently, Eq. (23). Our procedure provides the coefficients b,(f> in a closed
analytical form. This is the solution of the problem formulated by Buzek et al.
[16].
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I. INTRODUCTION

As it was mentioned in the first part of this study [1], the finite-dimensional (FD)
quantum-optical states have been a subject of numerous papers. For instance,
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various kinds of FD coherent states [2-6], FD Schrddinger cats [5-7], FD
displaced number states [5], FD phase states [8], and FD squeezed states [9,10]
were studied by many authors. In this chapter we concentrate on some schemes
of generation of the FD quantum-optical states. These states can be produced as
a finite superposition of n-photon Fock states. As a consequence, the problem of
generation of FD states can be reduced to the choice of the mechanism of n-
photon Fock state generation. For instance, Fock states can be achieved in the
systems with externally driven cavity filled with the Kerr media [11-13].
Moreover, they can be produced in the cavities using micromaser trapped
states [14]. Another way to obtain Fock states is that proposed by D’ Ariano et al.
[15] based on the optical Fock-state synthesizer, in which the conditional
measurements have been performed for the interferometer containing Kerr
medium. The cavities with moving mirror [16] can also be utilized for the FD
state generation. Recently, several schemes for the optical-state truncaction
(quantum scissors), by which FD quantum-optical states can be produced via
teleportation, have been analyzed [17,18]. Various other methods for preparation
of Fock states [19] and their arbitrary superpositions [20] have been developed
(see also Ref. 21).

However, we concentrate here on the generation methods in which we are
able to get directly the FD quantum state desired. Namely, we shall describe the
models involving quantum nonlinear oscillator driven by an external field [11—
13,22]. For this class of systems we are able to get the quantum states that are
very close for instance, to the FD coherent states [2,3] or to the FD squeezed
vacuum [10].

II. FD COHERENT STATES GENERATED BY NONLINEAR
OSCILLATOR SYSTEMS

This section is devoted to the method of generation of the FD coherent states
making a class of states defined in FD Hilbert space. We shall concentrate on the
states proposed by Buzek et al. [2] and further discussed by Miranowicz et al.
[3,23], where both the Glauber displacement operator and the states are defined
in the FD Hilbert space [1]. The method of generation discussed here is based
on the quantum systems containing a Kerr medium represented by nonlinear
oscillator. It was introduced in Ref. 12 as a way of generating one-photon Fock
states and was further adapted for the FD coherent-state generation [24]. The
model discussed here represents a quantum nonlinear oscillator that interacts
with an external field. Systems of this kind can be a source of various quantum
states. For example, quantum nonlinear evolution can lead to generation of
squeezed states [25], minimum uncertainty states [26], n-photon Fock states
[11-13,22], displaced Kerr states [27], macroscopically distinguishable super-
positions of two states (Schrodinger cats) [28,29], or higher number of states
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(Schrodinger kittens) [30]. Of course, the problem of practical realization of the
system arises. At this point one should emphasize that the most commonly
proposed practical realization is that in which a nonlinear medium is located
inside one arm of the Mach—Zehnder interferometer [26]. However, models of a
quantum nonlinear oscillator can be achieved in various ways. For instance,
systems comprising trapped ions [31], trapped atoms [32], or cavities with
moving mirrors [16] can be utilized to generate states of our interest.

A. Two-Dimensional Coherent States

Let us start the discussion of practical possibilities of the FD coherent-state
generation from the simplest case, where only superpositions of vacuum and
single-photon state are involved (the Hilbert space discussed is reduced to two
dimensions). We consider the system governed by the following Hamiltonian
defined in the interaction picture (in units of 7z = 1) to be

H(r) = % (@2 + e(at +a) £ (1) (1)
where y denotes the nonlinearity constant, which can be related to the third-
order susceptibility of the Kerr medium; € is the strength of the interaction with
the external field, and a' and & are bosonic creation and annihilation operators,
respectively. Moreover, using function f(7) we are able to define the shape of the
envelope of external field. For simplicity, we shall assume that the excitation is
of the constant amplitude and hence, we put f(z) = 1. Obviously, one should
keep in mind that models discussed here concern a real physical situation
(although they naturally involve certain limitation) and all operators, appearing
in Eq. (1), are defined in the infinite-dimensional Hilbert space.

Let us express the wave function for our system in the Fock basis as

W) =3 o)) @

n=0

where the complex probability amplitude C,(¢) corresponds to the nth Fock
state |j) and determines its time evolution. This wave function obeys the
following Schrodinger equation

.d X at\25 At L
i W0) = (5@!V@ + e@ +a)) () ()
for the Hamiltonian (1). Applying the standard procedure to our wavefunction
(2) and Hamiltonian (1), we obtain a set of equations for the probability
amplitudes C,(¢). They are of the form

G0 = Enln ~ G0 + VG 1) + VAT TCA(]  (4)
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where n corresponds to the n-photon Fock state. Obviously, one should keep in
mind that we deal with the infinite-dimensional Hilbert space and so the set of
equations for C,(z), given by (4), is infinite, too. However, our aim here is to
show that under special conditions our system behaves as one defined in the FD
Hilbert space. The first step is to assume that the external excitation is weak
(e < y). As a consequence, we assume a perturbative approach. Moreover, and
this is the main point of our considerations, the part of Hamiltonian (1)
corresponding to the nonlinear evolution of the system

(aya (5)

[:INL =

N[ =

produces degenerate states corresponding to n = 0 and n = 1. As we take into
account not only the first part of Hamiltonian (1) but also the second part, we
see that a resonance arises between the interaction described by the latter and
the degenerate states generated by Hyy. This resonance and the weak interaction
lead to a situation when the system dynamics becomes of the closed form and
cuts some subspace of states out of all the n-photon Fock states. As a
consequence, assuming that the dynamics of the physical process starts from
vacuum |0), the evolution of the system is restricted to the states |0) and |1)
solely. This situation resembles in some sense the problem of two degenerate
atomic levels coupled by a zero-frequency field, where this resonant coupling
selects, from the whole set of atomic levels, only those of them that lead to a
closed system dynamics. For the case discussed here our system evolution
corresponds to the two-level atom problem, where the interaction with
remaining atomic states can be treated as a negligible perturbation [34].
Obviously, one should note that the character of the resonances commonly
discussed in various papers, where the cavity field and the difference between
the energies of the atomic levels (or cavity frequencies) have identical values, is
different than that of those discussed here.
Thus, we write following equations of motion

i eyt = eci()

dt
i2.Ci(e) = €[Colt) + VAC(1)] (6)
i2.Co(1) = 2Ca(0) + e[VACH0) + VT (1)

for the probability amplitudes corresponding to the system discussed here. Since
we have assumed € < y, Eqgs. (6) indicate that the amplitude C,(¢) rapidly
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oscillates in comparison with the amplitudes Cy(¢) if n > N. Hence, analogously
to the description of driven atomic systems within the rotating-wave approxi-
mation (RWA) [34], we neglect the influence of the probability amplitudes C,,(¢)
for n > 2. Therefore, the dynamics of our system can be described by the
following set of two equations

i%Co(z) =eC(1)

.d
ZEQ([) :GC()(I) (7)

and their solution

Co(t) = icos(er)
Ci(r) = sin(er) (8)

where we have assumed that the system starts its evolution from vacuum |0).
Clearly, this result resembles that for a two-level atom in an external field [34]
and the dynamics of the system exhibits well-known oscillatory behavior. This
result is identical to that derived for the simplest case (i.e., for N = s+ 1 = 2)
of the FD generalized coherent states discussed by us in the first part of this
work [1]. Of course, one should keep in mind that the set of Egs. (7) gives zero-
order solutions in perturbative treatment. As a consequence, the FD coherent
states can be produced by the system discussed within the error following from
this approximation.

The preceding result concerns the situation where the external excitation is
characterized by a constant envelope: f(z) = 1. For the general case, the
solution can be obtained easily, applying the same procedure as for a resonantly
driven two-level atom [34]. Then, the general solution can be expressed as

Co(t) = icosO(r)
Ci(t) = sinO(r) 9)
where the symbol O(r) denotes the pulse area and is defined to be
t
o) = EJ f()ar (10)
0
B. N-Dimensional Coherent States

It is possible to extend our considerations to the case of the FD Hilbert space
with arbitrary dimension. Similarly as in [24] we introduce a system comprising
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a nonlinear oscillator with the Nth-order nonlinearity and governed by the
following Hamiltonian:

H(r) = %(aT)NaN +e@@ +a)f() (11)

The first term in (11) is the N-photon Kerr Hamiltonian [35], giving rise to
optical bistability, and ¥ is related to the (2N — 1)-order susceptibility of the
medium. The second term in (11) represents coherent pumping modulated by
classical function f(). Similarly, as in the previous section, we assume that the
excitation has a constant envelope: i.e. f(f) = 1. Applying the procedure
analogous to that described in the previous section we get the following
equations

i%CNfl(l) = G[VN — lCNfz(l‘) + \/NCN(Z‘)]

i—Cy(t) = x(N = D!Cx(t) + €[VNCy_1(t) + VN + 1Cy 11 (1)]
(12)

for the probability amplitudes C,(¢). As is assumed that € < y, we can exclude
all probability amplitudes C,(r) for n > N — 1. Hence, we get the set of
equations in the closed form and the dynamics of the system is practically
restricted within a space spanned over N Fock states. For instance, for N = 3
Egs. (12) reduce to

i%Co(t) —eCi(t)
i%Cl (1) = €[Co(#) + V2Cs (1)
iicz(z) = eV2C (1) (13)
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and have the solutions
1
Co(t) = 3 [2 4 cos (V/3er)]

Ci(1) = % sin (v/3et)
v2

3 [cos (V3er) — 1] (14)

Cz(l) =

Again, these solutions are identical to those derived by Miranowicz et al. [3]
[compare Eq. (25) in Ref. 1]. Of course, we can write the equations for arbitrary
value of the parameter N and hence, get the formulas for the probability
amplitudes for the n-photon state expansion of the FD coherent state defined in
the N-dimensional Hilbert space. In general, for any dimension N and arbitrary
real periodic function f(¢) with the period T, we find that the system evolves at
t = kT into the state [33]

N—-1

|O(KT)) = Culn) + €CyIN) + O(€?) (15)

n=0

where the superposition coefficients C, = (n|$¢(kT)) for n =0,...,N — 1 are
given by

N — -1 nN—1 H e
( ) exp (ikx€eco) en(n)

R How1 (6]

(16)

and for n = N are

—1'Nlex (tkxyco€
Cv = VNBCy_i = (— Nl\/ PUkecE) (1)
Helem

Here, x,, = x§nN> are the roots of the Hermite polynomial of order N, Hey (x,,) =

0. The coefficient B is defined to be

1 o]

Cn
B=— 18
2n Z n+a (18)

n=—0o0

where

= JTf(t) exp (—i2nn %) dt (19)

0
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is the Fourier transform and a = Ty (N — 1)!/(2n). In the first part of this work
[see Eq. (20) in Ref. 1], we have defined the N-dimensional generalized
coherent states to be (N =s+ 1)

o) () = exp [oa] — a*a]|0) (20)

in terms of the FD annihilation and creation operators
a=y Vapn—1)(nl, al=>Y Vann-1 (1)
n=1 n=1

respectively. On omitting terms proportional to €, we explicitly show that
|00 = —ikeo€) () = |&(KT)) + O(€) (22)

Thus, the state created in the process governed by the Hamiltonian (11) is the
finite-dimensional coherent state.

III. NUMERICAL CALCULATIONS

It is possible to verify our considerations performing appropriate numerical
calculations. As, we have excluded here all damping processes, the dynamics of
our system can be described by the unitary evolution. Therefore, we define the
unitary evolution operator

U = exp {—i L% @\Va" + e(at + a)} t} (23)

on the basis of Hamiltonian (1). In (23) all operators are defined in the N-
dimensional Hilbert space. For example, for N = 4 the wavefunction [\s(¢)) can
be expressed as

@)

o(1)
1 (1)
2(1)

)

3(t

Q

i (2)) = (24)

a QO

whereas the annihilation and creation operators (& and a', respectively) can be
represented by the following matrices

0
V2

0

0

[=Nel )
(=Nl
—

[\]

()]
=

0
0 At —
valr o 4T
0

Q>

I
[l el N}
SO O =
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which are special cases of (21) for s = 3. As a consequence, the Hamiltonian
(11) can be constructed using the Eq. (25) matrix representations. Next we
should construct the evolution operator U. Since this operator is in the form of
the matrix exponential, it could be necessary to solve eigensystem with the
Hamiltonian H. This step can be easily done by applying standard numerical
procedures [36]. Obviously, other methods of calculating matrix exponentials
can be utilized as well. For instance, the Taylor series expansion of the operator
U can be helpful in this case. Using the evolution operator derived, we are in a
position to generate the wave function for arbitrary time .

Thus, assuming that the system starts its evolution from vacuum |0), we act
(numerically) U on the wavefunction of the system represented by the N-
element vector

(=

0

and obtain the vector representation of the desired wavefunction |y(z))
corresponding to the state of our system for the time #:

(W(1)) = UIW(0)) (27)

It would be interesting to compare Egs. (26) and (27) with the Glauber
definition of the coherent state [37]

ot > (o0)= D(ot,&")|0 > (28)
where the Glauber displacement operator D(a, o*) is defined as
D(o, o) = exp (aa’ — o*ar) (29)

It is seen that the operator U defined in Eq. (23) plays the same role as the
Glauber displacement operator lA)(oc7 o*). Obviously, it should be kept in mind
that U is defined in the FD Hilbert space, contrary to the definition of D in
which the space has been assumed to be infinite-dimensional. Therefore, we
conclude that within the assumptions introduced here we deal with the
following correspondence:

Ul _~D (30)

o0
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To check our analytical formulas derived in the previous sections, we shall
concentrate on the two cases where the parameter N = 2, 3. First, for N = 2 we

apply the evolution operator

U= exp{fi% (&T)2&2+E(&T+&)]t} (31)

and the results are shown in Fig. 1, which also shows the analytical results for
the probabilities of finding the system in vacuum |0) and one-photon |1) states
together with those of the numerical method. The analytical and numerical
results agree almost perfectly and for these two cases we obtain the well-known
oscillatory behavior. Obviously, one should keep in mind that the interaction
with the external field is weak (e < %) and we assume that € = 7/50 contrary
toy =1.

Analogously, for N = 3 three states are involved in the system evolution. For
this case the evolution operator should be of the form

U = exp (ﬂ'% (&f)3213 +e(a + Zz)] t) (32)

091
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ol
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c? 00 oo 00
o) o o Q

Figure 1. Time-evolution of the probabilities (analytical results) for vacuum |0) (solid curve)
and one-photon state |1) (dotted curve) for the system with Kerr medium described by
the Hamiltonian %x(&T)Zaz. The circle marks denote numerical results. The pulse strength is

€ =mn/50.
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Figure 2. The same as in Fig. 1 but for the system with the Kerr medium described by
%x([ﬂ)’z[ﬁ. Analytical results for: vacuum |0) (solid curve), one-photon state |1) (dashed curve), and
two-photon state |2) (dotted curve). The numerical results are marked by circles.

whereas the parameters € and y are the same as for the case of N = 2. Similarly
as for N =2, the agreement of the analytical results with their numerical
counterparts is very good. Thus, Fig. 2 depicts oscillations of the probabilities
for the states |0), |1) and |2). The amplitude of the oscillations for one-photon
state |1) is considerably smaller than that for other two states involved in the
evolution. This fact agrees with the properties of the Fock expansion of the FD
coherent state [3].

Applying the numerical method described here we, can also estimate the
error of the perturbative treatment introduced in the previous sections. In Fig. 3
we show the probability corresponding to the three-photon state |3) as a
function of time. It is seen that the probability oscillates in a similar way as
those corresponding to the states |0), |1), and |2). However, the amplitudes of
the oscillations differ significantly. Thus, the probability for the state |3)
oscillates between 0 and ~ 1.2 x 1073 whereas that corresponding to the state
[1) changes its value from O to ~ 0.3 (Fig. 2). We see that the dynamics of
the system described by the Hamiltonian (1) is restricted in practice to the
closed set of the Fock states. This fact and the behavior of the probabilities
shown in Figs. 1 and 2 proves that the quantum states generated by the system

described by Hamiltonian (1) are very close to the FD coherent states described
in Ref. 3.
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Figure 3. The probability for the three-photon state |3) obtained from the numerical

calculations. All parameters are the same as for Fig. 2.

IV. STATE GENERATION IN DISSIPATIVE SYSTEMS

It is obvious that in the real physical situations we are not able to avoid
dissipation processes. For dissipative systems, we cannot take an external
excitation too weak (the parameter € cannot be too small) since the field
interacting with the nonlinear oscillator could be completely damped and hence,
our model could become completely unrealistic. Moreover, the dissipation in
the system leads to a mixture of the quantum states instead of their coherent
superpositions. Therefore, we should determine the influence of the damping
processes on the systems discussed here. To investigate such processes we can
utilize various methods. For instance, the quantum jumps simulations [38] and
quantum state diffusion method [39] can be used. Description of these two
methods can be found in Ref. 40, where they were discussed and compared.
Another way to investigate the damping processes is to apply the approach
based on the density matrix formalism. Here, we shall concentrate on this

method [12,41,42].

As we have discussed earlier, the time dependence of the envelope of
external excitation does not influence the final analytical result discussed here.
The parameter f(¢) appears only inside the integral determining the external
pulse area 0(¢) [Eq. (10)]. Therefore, we can assume without losing generality
of our considerations that the excitation is in the form of a series of ultrashort



QUANTUM-OPTICAL STATES IN FINITE-DIMENSIONAL HILBERT SPACE 207

pulses. Then the function f(¢) can be modeled by the Dirac delta functions as

S(r—kT) (33)
k=0

where T is a time between two subsequent pulses. For such situation the time
evolution of the system can be divided into two different stages. When the
damping processes are absent, the first stage is a “free”” evolution of the
nonlinear oscillator determined by the unitary evolution operator

U = exp {—iXZT (af )2&2] (34)

We assume the simplest case, where the time evolution is restricted to two
quantum states, [0) and |1). The second stage of the time-evolution of the
system is caused by its interaction with an infinitely short external pulse. This
part of the evolution is described by the second term of the Hamiltonian (1) and
can be described by the following evolution operator

Ux = exp|[—ie(a’ + a)] (35)

The overall evolution of the system can be described as a subsequent action of
the operators UNL and U x on the initial state. When we take into account losses
during the time evolution between two pulses we should solve the appropriate
master equation. It can be written as

—l—(a

dp _ _.x N2a? +
dr 2()

(Zapa —a'ap — pa'a) (36)

The solution of this master equation in the Fock number states basis is given by
[41,42]

(p+4)/2 o0
wlpte+ 1) = exp 150 )| S =S wlot0ln — (- )

n=p

i —(p — gl - wr
S ) 3)

where
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The symbol y appearing above is a damping constant responsible for the cavity
loss. Thus, solving the master equation (36), we can determine the probabilities
of finding the system in an arbitrary n-photon state. Of course, the evolution
during single ultrashort, external pulse is determined by the operator Ug as
before.

Thus Fig. 4 shows probabilities for vacuum |0) and one-photon |1) state for
weak external excitation once more. We have chosen two values of the damping

0.9}
0.8}
0.7} -
0.6} .

0.5} {

0.4} e

0.3} .

0.2} e

0.1} -7

Probabilities

0 5 10 15 20 25 30
Number of pulses
(a)

0.91
0.8f
0.7t
0.6f
0.51
0.4r
0.31
0.21
0.1t -

Probabilities

0 5 10 15 20 25 30
Number of pulses

b)

Figure 4. The probabilities for vacuum |0) (solid curve) and one-photon state |1) (dashed
curve) for the Kerr medium described by %x(&*)zdz. The damping constants are (a) Yy = 0.01 and (b)
vy = 0.1. The pulse strength in € = 1t/50 and the time 7 = .
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parameter: Y = 0.1 (Fig. 4a) and v = 0.01 (Fig. 4b). It is seen that for weak
damping we observe slow oscillations of the probabilities, similarly as for the
case of the quantum nonlinear oscillator without dissipation. Moreover, for
(y = 0.01) the amplitude of the oscillations reaches over 75% of its value for the
case of v = 0. As a consequence, we are able to get the field very close to the
desired quantum state. However, as the damping increases the situation changes
considerably. For v = 0.1 the oscillations of the probabilities vanish, and the
resulting state is far from the FD coherent state defined in the two-dimensional
Hilbert space. We see that the dissipation in the system can drastically lower the
effectiveness of producing the FD coherent states. Nevertheless, one should
keep in mind one of the crucial points of our considerations: the assumption of
weak external excitation. Hence, we hope that for sufficiently weak damping,
our system can evolve to a state that is very close to the quantum state of our
interest.

V. GENERALIZED METHOD FOR FD SQUEEZED
VACUUM GENERATION

The method described in the previous sections can be easily generalized to be
useful for generation of various FD quantum-optical states different from the FD
coherent state. Thus, we shall show an example of how to adapt our method to
generate the FD squeezed vacuum [10]. In the first part of this work [see Eq.
(78) in Ref. 1], we have defined the (s + 1)-dimensional generalized squeezed
vacuum to be

)= eso[S @ - 52 o 39)

where & = |&|exp (i) is the complex squeeze parameter, whereas a; and &/ are,
respectively, the FD annihilation and creation operators defined by (21). Since
the properties of the FD squeezed vacuum have already been discussed [1], here
we shall concentrate on the method of its generation.

We assume that our system consists of a Kerr medium of the (s + 1)th-order
nonlinearity and a parametric amplifier driven by a series of ultrashort external
classical light pulses. Thus, the Hamiltonian describing our system can be
written in the interaction picture as

H= (@) att +ea? + a®) f(r) (40)

(s+1)

where the first term describes the (s+ 1)-photon nonlinear oscillator (Kerr
medium) as in (11), and the second term represents a pulsed parametric
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oscillator modulated by f(¢), given by (33). This situation differs from those
discussed in the previous sections in one important point, namely, in the
character of external excitation. For this case we assume that the oscillator is
driven by a second-order parametric process instead of linear excitation
involved in the FD coherent-state generation. The model, described by (40) with
the two-photon Kerr Hamiltonian, was studied by Milburn and Holmes [42] in
their analysis of quantum coherence and classical chaos. The system for s = 1
and f (1) = 1 is referred to as the Cassinian oscillator and has been analyzed in
the context of squeezing by, for instance, Gerry et al. [43] and DiFilippo et al.
[44]. The time evolution of the system leads to the generation of the quantum
states that differ significantly from the FD coherent states. In a similar way as
for the generation of the latter, we assume that the excitation is weak (e < ),
and we can apply the perturbative treatment again. As a consequence, we get the
formula for the n-photon state expansion

(1)) = i Can(1)[20) + €Ca42(1)[26 + 2) + O(€?) (41)
n=0
where the expansion coefficients C,, = (2n|d(z)) forn =0, ..., c are
_(_1\n (26)' = exp (ix Gn(-xk)
Czn(l) - ( 1) /—(2}’1)' kz:; p ( ket) Gc(xk)G,c;+1(xk) (42)
and
Croi2(t) =271/ (20 + 1)(20 + 2) Cao (1) (43)

The functions G,(x) appearing above are the Meixner—Sheffer orthogonal
polynomials; the prime sign in (42) denotes their x derivative, and ¢ = Int (s/2)
is the integer part of s/2. If we omit the terms proportional to € and higher, we
get the expansion for the FD squeezed vacuum as

& = —2et)()= [$(1)) + O(€) (44)

So, our system evolves to a state close to the FD squeezed vacuum discussed in
Ref. 10.

VI. SUMMARY

We have discussed one of the possible methods of generation of the FD
quantum-optical states. Although, it is possible to generate n-photon Fock states
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and then to construct a desired state from these states, we have concentrated on
the generation schemes that can lead directly to the FD coherent states and FD
squeezed vacuum. The method described here is based on the quantum
nonlinear oscillator evolution. We have assumed that this oscillator is driven by
an external excitation. We have shown that within the weak excitation regime
we are able to generate with high accuracy the appropriate FD quantum state.
Thus, depending on the character of the excitation, we can produce various FD
states. For instance, for the linear excitation case we generate the FD coherent
state, whereas for the parametric excitation, the FD squeezed vacuum can be
achieved. Moreover, we have shown that the mechanism of the generation does
not depend on the shape of the excitation envelope. Hence, various forms of the
latter can be assumed depending of the feasibility of our model from the
experimental or mathematical point of view.

For the situations discussed here appropriate analytical formulas for the
generated states have been derived. These results have been obtained within the
perturbation theory, and they agree with those of the n-photon expansion of the
appropriate FD states. Moreover, we have proposed methods for checking our
results numerically, and we have shown that numerical results agree very well
with the analytical ones. Since we are not able to avoid dissipation processes
from real physical situations, we have discussed damping processes two. It has
been shown that although dissipation can play crucial role in the whole system
dynamics and is able to destroy the effect of the FD state generation completely,
under special assumptions these states can be achieved.
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I. INTRODUCTION

The subject of correlated or collective spontaneous emission by a system of a
large number of atoms was first proposed by Dicke [1], who introduced the
concept of superradiance that the influence on each atomic dipole of the
electromagnetic field produced by the other atomic dipoles could, in certain
circumstances, cause each atom to decay with an enhanced spontaneous emis-
sion rate. The shortening of the atomic lifetime resulting from the interaction
between N atoms could involve an enhancement of the intensity of radiation up
to N2.

The earliest investigations into correlated spontaneous emission from mul-
tiatom systems were motivated by attempts to detect coherent effects in the
interaction of light with resonant atomic systems [2—4]. Another intrinsic
feature of correlated spontaneous emission is that the emitted field exhibits
strong nonlinear and directional behavior [5]. Moreover, the interest in cor-
related spontaneous emission lies in its close connection with the quantum and
classical as well as with the spontaneous and stimulated aspects of atomic
emission [6].

The phenomenon of collective emission is, in general, characteristic of
macroscopic systems with a large number of emitting atoms confined a region
much smaller than the optical wavelength. However, to understand collective
effects from a macroscopic system of atoms, it is necessary to have a micro-
scopic formulation of the interaction between the atoms and the electromagnetic
field. Therefore, some previous work has been devoted to study collective
effects in the case of few atoms [7-10]. Although a system of two or three atoms
is admittedly an elementary model, it offers some advantages over the
multiatom problem. Because of its simplicity, one obtains detailed and almost
exact dynamical solutions with a variety of initial conditions. Many of the results
predicted for the system of two or three atoms are analogous to phenomena that
one could expect in multiatom systems. Early treatments of two or three-atom
systems assumed a constant interatomic separation during the radiation process.
When averaged over all such possible interatomic separations the collective
effects average out, which made them difficult to observe experimentally.

In the 1990s, advances in trapping and cooling of small number of ions and
neutral atoms greatly renewed the interest in collective effects in the interaction
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of atoms with the electromagnetic field [11-13]. The trapped atoms are
essentially motionless and lie at a known and controllable distance from one
another, permitting qualitatively new studies of interatomic interactions not
accessible in a gas cell or an atomic beam. The advantage of the trapped atoms
is that it allows separation of collective effects, arising from the correlations
between the atoms, from the single-atom effects. The question of to what extent
the interatomic interactions can alter the dynamics of a multiatom system has
become of interest as it contains information about the internal structure of the
collective system.

A central topic in the current studies of collective effects is the theoretical
and experimental investigation of the concept of correlated superposition states
(entangled states) of a multiatom system [14]. The entangled states are linear
superpositions of the internal states of the system that cannot be separated into
product states of the individual atoms. This property is recognized as an entirely
quantum-mechanical effect and has played a crucial role in many discussions of
the nature of quantum measurements and, in particular, in the development of
quantum communications. It has been realized that entangled states can have
many practical applications, ranging from quantum computation [15,16], infor-
mation processing [17,18], and cryptography [19] to atomic spectroscopy [20].

An example of entangled states in a two-atom system are the symmetric and
antisymmetric states, which correspond to the symmetric and antisymmetric
combinations of the atomic dipole moments, respectively [1,7,21]. These states
are created by the dipole—dipole interaction between the atoms and are charac-
terized by different spontaneous decay rates that the symmetric state decays
with an enhanced, whereas the antisymmetric state decays with a reduced
spontaneous emission rate [7]. For the case of two atoms confined into the
region much smaller than the optical wavelength, the antisymmetric state does
not decay at all, and therefore can be regarded as a decoherence-free state.

Another particularly interesting entangled states of the two-atom system are
two-photon entangled states that are superpositions of only those states of the
two-atom system in which both or neither of the atoms are excited. These states
have been known for a long time as pairwise atomic states [22] or multiatom
squeezed states [23]. The two-photon entangled states cannot be generated by a
coherent laser field coupled to the atomic dipole moments. The states can be
created by a two-photon excitation process with nonclassical correlations that
can transfer the population from the two-atom ground state to the upper state
without populating the intermediate one-photon states. An obvious candidate
for the creation of the two-photon entangled states is a broadband squeezed
vacuum field that is characterized by strong nonclassical two-photon correla-
tions [24,25].

A number of theoretical methods have been proposed to prepare a two-atom
system in an entangled state [26-29,31-34], and two-atom entangled states have
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already been demonstrated experimentally using ultracold trap ions [35] and
cavity quantum electrodynamic (QED) schemes [36]. The preparation of
correlated superposition states in multiatom system has been performed using
a quantum nondemolition (QND) measurement technique [37]. A mapping of
entangled states of light on atoms has also been proposed [38,39] and
experimentally demonstrated [40].

In this chapter, we review schemes proposed for the preparation of two 2-
level atoms in an entangled state. Since we focus here on basis aspects of the
atom-—atom entanglement, we begin in Section II with a derivation of the master
equation for two nonidentical two-level atoms interacting with the quantized
three-dimensional vacuum field and driven by a single-mode coherent laser
field. Sections III and IV are concerned mainly with techniques proposed for the
preparation of a two-atom system in entangled states. The cases of maximally
and nonmaximally entangled states are discussed. In Section V, we discuss
methods of detecting of a particular entangled state. In Section VI, we describe
the method of preparation of a two-atom system in two-photon entangled states.
We also present a method of mapping of the entanglement of light on atoms.

II. MASTER EQUATION OF TWO COUPLED ATOMS

There are several theoretical approaches that can be used to calculate the
dynamics and correlation properties of two atoms interacting with the quantized
electromagnetic field. One of the methods is the wavefunction approach in
which the dynamics are given in terms of the probability amplitudes [9].
Another approach is the Heisenberg equation method, in which equations of
motion for the atomic and field operators are found from the Hamiltonian of a
given system [10]. The most popular approach is the master equation method, in
which the equation of motion is found for the density operator of an atomic
system weakly coupled to a system regarded as a reservoir [7,8,41]. There are
many possible realizations of reservoirs. The typical reservoir to which atomic
systems are coupled is the quantized three-dimensional multimode vacuum
field. The major advantage of the master equation is that it allows us to consider
the evolution of the atoms plus field system entirely in terms of atomic
operators.

A. Atomic System and Hamiltonian

We consider a system of two nonidentical and nonoverlapping atoms at
positions r; and r;, coupled to the quantized three-dimensional electromagnetic
field. The initial state of the field is the product of a single-mode coherent state
of a driving laser field, and the vacuum state of the rest of the modes. Each atom
is assumed to have only two levels: the ground level |g;) and the excited level
le;)(i = 1,2), separated by an energy hw; = E,, — E,,, and connected by an
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electric dipole transition with the dipole matrix elements p; and p,. The dipole
transitions are represented by the dipole raising S; and lowering S; operators
defined as

S =leal, S, = lgi){eil (1)
and satisfying the relations
5,81 =288, S7S;+8;7S7 =1 (2)

where ¢ =1 (le;) (ei] — |g:)(gi]) is the energy operator of the ith atom. If the ith
atom is in its ground state |g;), then (S5) = — 1, whereas (S7) = 1 if the atom is in
its excited state.

The atoms interact with the quantized three-dimensional vacuum field and
are also driven by a single-mode coherent laser field. We express the quantized
multimode field in terms of the annihilation and creation operators djy, and &I{S of
field mode ks, which has wavevector k, frequency ®y, and polarization e;.
Thus, we write the electric field operator at position r in the form

~

1/2
n : Ok S (A ikr _ ~T —ikr
E(r,t) = ih e (akse™ " — ay e 3
) =3 (55) Bl = e ™) (

where V is the normalization volume.
The total Hamiltonian of the interacting systems in the electric dipole and
RWA approximations [42] is given by

H = H, + Hr + H, (4)

where
Hy, = h(D]SZ] + h(&)zsg (5)

is the Hamiltonian of the atoms
Hp =Y hoy| alyéns 41 (6)
ks ’ 2

is the Hamiltonian of the field, and H; = H, + H; is the interaction Hamiltonian
composed of two terms:

Hy = i3 (ST + s (12)5F e ™ — Hic)

Hp = —Eih[(QIS+ + D85 )el@r o) _H (7)
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The first term in Eq. (7) represents the interaction of the atoms with the quantized
multimode vacuum field, while the second term is the interaction of the atoms
with a classical driving laser field (H.c. denotes Hermitian conjugation). Here, oy,
and ¢, are the frequency and the phase of the driving field, respectively

12
()3 —_ ik-r;
N e R ®)

is the mode function of the three-dimensional vacuum field, evaluated at the
position r; of the ith atom, and

w - Epefem
Q=" 9
L ©)
is the Rabi frequency of the ith atom with E; and k; denoting the amplitude and
the wave vector of the driving field, respectively.
If the dipole moments of the atoms are parallel, the Rabi frequencies €2; and
), are related by

0, = 0, Pl g (10)
Iy

where rj; = r, — r; is the vector in the direction of the interatomic axis and
|ri2| = ri2 is the distance between the atoms. Thus, for two atoms with equal
magnitudes of the dipole moments (|p;| = |p,|), the Rabi frequencies differ only
by the phase factor exp(ik, - ry2) arising from different positions of the atoms.
However, the phase factor exp(ik;, - r12) also depends on the orientation of the
interatomic axis in respect to the direction of propagation of the driving field, and
exp(iky, - r12) can be equal to one even for large interatomic separations ri,. This
happens when the direction of propagation of the driving field is perpendicular to
the interatomic axis, k; - rj; = 0. When k; - rj; # 0, the atoms are subject to
different Rabi frequencies (2; # €2,).

B. Master Equation

Starting from the Hamiltonian (4), we can write the Schrédinger equation for
the density operator p; of the total system, two atoms plus the electromagnetic
fields, as

0 1

apr:i—h[H»Pﬂ (11)

We are interested in the interaction of two atoms with the vacuum field, and
therefore we transform Eq. (11) into the interaction picture with

[ST(t) —_ Ei(HA+Hr+HL>I/hpT6‘7i(HA+HF+HL)t/h (12)
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and find that the transformed density operator satisfies the equation

0.

&PT(I) =

| =

[H.(1), pr (1)) (13)

St

where

Hv(t) — ei(HA+HF+HL)t/hHUe*i(HA+HF+HL)l‘/7L (14)

The master equation involves the so-called reduced density operator p
describing the system of two atoms, which is obtained from the total density
operator py by tracing over vacuum field (reservoir) states

p(r) = Trrpr(2) (15)

We will assume that the interaction is turned on at + = 0, and no correlations exist
between the atoms and the vacuum field at this initial time. Hence, we can write
the density operator p;(0) as a product of the density operator of the atoms p(0)
and the density operator of the reservoir pg(0):

IST(O) = f’(o)f)F(O) (16>

The properties of the vacuum field are specified by the density operator py(0),
from which correlation functions of the field operators can be determined as

(@) = Tre[pp(0)aws] = 0, {al,) = Trr[pp(0)al] = 0
(ansalyy) = Trrlpp(0)ansdly,] = 8 (k — K')yy
(alyres) = Ttr[pp(0)afdiy] = 0
(alyllyy) = Trr[pp(0)alay,] = 0
(aksawy) = Trr[pp(0)aksary] =0 (17)

We now integrate Eq. (13), substitute the solution for p;(¢) inside the
commutator on the right-hand side (r.h.s.) of Eq. (13), and after taking the
trace over the reservoir states, we find that the reduced density operator p(z)
satisfies the integrodifferential equation

2 5(0) = - Teel1,0),5(0)5, (0]

] L CAON AN MO S
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In the derivation of Eq. (18), we have assumed that the total density operator
pr(t) factorizes at r = 0. At later times correlations between the atoms and the
field may arise as a result of the coupling through the Hamiltonian H,. Here, we
assume that the interaction between the atoms and the field is weak, which
allows us to make the so-called Born approximation that ignores the back-
reaction effects of the atoms on the field. Thus, p;(t — t) = p(t — 1) pp(t — 1) =
p(t—1)pp(0) for all times r—t > 0. Moreover, we make the Markov
approximation in which we assume that the correlation time of the field is
much shorter than the timescale of radiation processes in the atoms. This allows
us to replace p(z — 1) by p(z).

Substituting Eq. (17) into Eq. (18) and after the Born—-Markov approxima-
tion, the master equation takes the form

0 i
—p(t) = ——=|H,, p(t
£ P(1) = — 3 [He, (1)
1$ o= S oo — <ot
=3 2 TS8P + PSS~ 28578(0S) - (19)
ij=
where

represents the vacuum-induced shifts of the atomic transition frequencies and the
coherent interaction between the atoms. The parameter

Ti=Ti=n) | g dk-k) (i=1,2) (21)
ks

describes the spontaneous emission rate of the ith atom resulting from the
interaction of the individual atoms with the vacuum field, and

Dy =Ti=1) [t &)k - g ()8 (k — ko), (i #)) (22)

ks

are collective spontaneous emission rates arising from the coupling between the
atoms through the vacuum field, and ky = (k; + k3)/2.
The parameters

1 1
5 =Py In- g (r) - 23
a I - 8 (i) <®k+mi (Dk_wz) (23)
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represent a part of the Lamb shift, induced by the first-order coupling in the
Hamiltonian H,, of the ground and excited states of the atoms, while

012 = Pl () -g;;<rz)]( —— ) (24)

O+ 0y Op — 0

represents the vacuum-induced coherent interaction between the atoms, P refers
to the Cauchy principal value, and @y = (@1 + ®,)/2 is the average frequency of
the atomic transitions.

The parameters §; are usually considered to be absorbed into the atomic
frequencies ®; and ®,, by redefining the frequencies ®; = ®; + J; and are not
explicitly included in the master equations. However, we are interested in the
qualitative effects of the interactions between the atoms, and the role played by
Q2 in their dynamics. It is evident from Eq. (20) that the parameter €21, does
not appear as a shift of the energies, but rather as a coherent coupling between
the atoms. Thus, the interaction with the vacuum field not only gives rise to the
dissipative spontaneous emission but also leads to a coherent coupling between
the atoms.

We may find the explicit form of the collective parameters I'1, and €, by
using the spherical representation of the unit orthogonal polarization vectors
[41]

ex; = (—cos 0 cos @, —cos Bsin ¢, sin 0),

€k = (sin ¢, —cos ¢, 0) (25)

and changing the sum over k into an integral

Z J o? doy, JO sin 0 dO Jz do (26)

s=1

—Z

21tc

where (k, 0, ¢) denote spherical coordinates.
Substituting Eq. (26) into Egs. (22) and (24), we obtain the following explicit
expressions for the collective spontaneous emission rate

koria

+[1 = 3(ji - F12)?] [COS (kori2)  sin (korlz)l }

(koria)* (koria)’
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and the collective coupling between the atoms
3 o cos (kor
Qi = 7V F1F2{—[1 — (B-T2)? cos (koriz)

koria

Sil‘l(korlg) COS(korlz)
(kori2)? " (kor12)’ 1} 28)

1 =3 T1) [

where jt is the unit vector along the dipole moments of the atoms, which we have
assumed to be parallel (R = i, = @,), and ¥y, is the unit vector along the
interatomic axis.

The collective parameters (27) and (28), which both depend on the intera-
tomic separation, determine the collective properties of the two-atom system.
The parameter (28) is the familiar retarded dipole—dipole interaction between
the atoms [7,9,10,21], while I';; gives rise to the collective spontaneous
emission. In Fig. 1, we plot I'1,/y/I'1T; and Q;,/+/T'1T; as a function of
ri2/ o, where A is the resonant wavelength. For large separations (rz >> o)
the parameters are very small (I'j, = Q5 = 0). By contrast, for atomic separa-
tions much smaller than the resonant wavelength (the small sample model), the

parameters reduce to
I'p=vIil, (29)

12:Q12

oo

Figure 1. Collective parameters I'j/+/T'|[; (solid line) and Q»/+/T T2 (dashed line) as a
function of r12/7»0 for p L 7.
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and

Qp~——[1-3(n- r12)’] (30)

For this case 21, corresponds to the quasistatic dipole—dipole interaction
potential.

On transforming Eq. (19) into the Schrodinger picture, the master equation of
the two-atom system takes the form

0 i
—p=——[H
5P = "5 H Pl
1< - _ _
=3 2 DulS Sy o+ pSFS; 257 0S;) (31)
ij=
where
H =H5+HL+EQQ(STSZ_ +S;—S1_) (32)

Equation (31) is the final form of the master equation that gives us an elegant
description of the physics involved in the dynamics of two interacting atoms.
The collective parameters I'y, and €21,, which arise from the mutual interaction
between the atoms, significantly modify the master equation of a two-atom
system. The parameter I'|, introduces a coupling between the atoms through the
vacuum field that the spontaneous emission from one of the atoms influences
the spontaneous emission from the other. The dipole—dipole interaction {2,
introduces a coherent coupling between the atoms. Owing to the dipole—dipole
interaction, the population is coherently transferred back and forth from one
atom to the other. Here, the dipole—dipole interaction parameter {2}, plays a role
similar to that of the Rabi frequency in the atom—field interaction.

III. COLLECTIVE ATOMIC STATES

The presence of the collective parameters I'1, and €2, introduces off-diagonal
terms in the Hamiltonian H’ and in the dissipative part of the master equation.
This suggests that in the presence of the interaction between the atoms the bare
atomic states are no longer the eigenstates of the two-atom system. We can
diagonalize the Hamiltonian (32) with respect to the dipole—dipole interaction
and find collective states of the two-atom system.

In the absence of the driving laser field and the dipole—dipole interaction, the
basis states of the two-atom system are the four direct products states

81)182),  ler)lga), lgi)le), ler)lez) (33)
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In the basis of these states the matrix representation of the Hamiltonian H’, with
Q) =, =0, is given by

0 0 0 0

H 0 1A Q 0
7 ® =3 2 (34)
h 0 Q]z (QN) +§A 0

0 0 0 209

where g =3 (o + m) and A = 0, — ©.

Evidently, in the presence of the dipole—dipole interaction the matrix (34) is
not diagonal, which indicates that the product states (33) are not the eigenstates
of the two-atom system. We will diagonalize the matrix (34) for the case of
identical (A = 0) as well as nonidentical (A # 0) atoms to find eigenstates of
the system and their energies.

A. Collective States of Two Identical Atoms

We begin by studying the collective properties of the system of two identical
atoms (A = 0). In order to find eigenstates and corresponding energies of the
system, we diagonalize the matrix (34), and find that in the case of two identical
atoms the eigenstates are given by [1,7]

lg) = |g1)]g2)

1
|s) = 75(\€1>|82> + lg1)le))
1
|a) = 72(\61>|gz> — lg1)le2))
le) = ler)le2) (35)
with corresponding energies
E,=0
E; = h(oo + Q12)
Ea = h((l)o — le)
E, =2hwy (36)
The eigenstates (35) are the collective states of two interacting atoms and are
known in quantum optics as the Dicke states of the two-atom system [1]. We note
here that the collective states |s) and |a) are an example of maximally entangled
states of the two-atom system that the eigenstates of the system are linear

superpositions which cannot be separated into product states of the individual
atoms.
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le>
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lg>

Figure 2. Collective states of two identical atoms. The dipole—dipole interaction 2;, shifts the
energies of the symmetric and antisymmetric states in the opposite directions.

The collective states are shown in Fig. 2. It is seen that in the collective states
representation, the two-atom system behaves as a single four-level system with
the ground state |g), the upper state |e), and two intermediate states: the sym-
metric state |s) and the antisymmetric state |a). The energies of the intermediate
states depend on the dipole—dipole interaction and these states suffer a large
shift when the interatomic separation is small.

From Egs. (1) and (35), we find the following relations between the atomic
and collective operators

1
SF= ﬁ (Aes — Aea + Agg + Ag)
1
Sy = 7 (Aes + Aca + Asg — Adg) (37)

where A; = [i)(j|, (i,j=e,a,s,g) are the collective operators that represent
the energies (i = j) of the collective states and transition dipole moments (i # j).

Substituting the relations (37) into Eq. (31), we find that in terms of the
collective operators, the master equation is given by

0

i 1
a p= _ﬁ [Hcs, P] - 5 (P + FIZ){(Aee +Ass)p + p(Aee -‘r—Am)

1
- 2(Ase +Agx)p(Aes +Avg)} - E (F - Flz){(AEE +Aaa)p
+ P(Ace +Aua) = 2(Aue +Aga) p(Aca +Aug) } (38)
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where the Hamiltonian H,, reads

Hcs = h[Z(DOAee + ((DO + QIZ)Ass + (0)0 - QIZ)Aaa]

h .
W {( + D) [(Aes + Agg)e' @) + Hee ]
+ (U — D) [(Avq + Agg) e @0 4 Hec ]} (39)

The master equation (38) provides the simplest example of the effects
introduced by the coherent interaction of atoms with the radiation field. These
effects include the shifts of the energy levels of the system, produced by the
dipole—dipole interaction, and the phenomena of enhanced (superradiant) and
reduced (subradiant) spontaneous emission, which appear in the changed
damping rates to %(F +T'y;) and %(F —T'12), respectively.

B. Collective States of Two Nonidentical Atoms

The collective states (35) are eigenstates of the system of two identical atoms. If
the atoms are not identical, the situation becomes more complicated and we will
discuss here some consequences of the fact that the atoms could have different
transition frequencies and/or different spontaneous emission rates. When the
atoms are nonidentical with different transition frequencies, the states (35) are
no longer the eigenstates of the Hamiltonian (32). The diagonalization of the
matrix (34) with A # 0 leads to the following eigenstates [43]

lg) = lg1)lg2)

|s") = Ble1)|g2) + cilgi)le2)

|d) = aler)|g2) — Blgi)e2)

le) = le1)|e2) (40)

with energies

where

w Qi
R N 2
VW + Q05 P Vw? +0p “

and w=31A+,/Q, + 1A%
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The energy system of two nonidentical atoms is similar to that of the
identical atoms, with the ground state |g), the upper state |e), and two
intermediate states |s') and |a’). It is apparent that the effect of the frequency
difference A on the collective atomic states is to increase the splitting between
the intermediate levels, which now is equal to /3, + { A2. However, the most
dramatic effect of the detuning A is on the degree of entanglement of the states
|s") and |a’) that in the case of nonidentical atoms the states |s") and |a’) are not
maximally entangled states. For A = 0 the states |s') and |&') reduce to the
maximally entangled states |s) and |a), whereas for A > ), the entangled
states |s') and |d’) reduce to the product states |ej)|g2) and —|gi)|ez),
respectively.

We follow exactly the same route as in the preceding section, and rewrite the
master equation (31) in terms of the collective operators A;; = |i){j|, where now
the collective states are given in Eq. (40). First, we find that in the case of
nonidentical atoms the atomic and collective operators are related by

ST = BA(),S/ - OLAM’ + CXAs’g + BAa’g
S;r = oA,y + BAeu’ + BAyg — O(Aa/g (43)

In terms of the collective operators A;; the master equation can be written as

0 i
—p=—=[Hp,p| — Lap — L 44
atP h[ p] dp dp (44)

/ 1
H,, = h{20)0Aee + ((Do + Q%z + ZA2>AS,S,
2 1 2
+ | o — le +ZA Aga

h
- E {(O(Ql + BQZ)[(AHI +AY/ )gl (oo t+¢y) +H.c. ]
i(

where

+ (0 — B [(Awr + Agrg)e @) 4 Hee ]} (45)

is the Hamiltonian of the system in the collective states basis. The diagonal
dissipative part of the master equation reads

og)dp = _Fes’ (Aeep + pAee - ZA;r’e pAes’)
— F (As’_y’p + pAslsl — 2Ags’pAs’g)
— Farg(Aa/a/p —|— pAara/ —_ 2AgurpAarg)
—Tew (Aeep + pAce — 244, pAm’> (46)
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while the off-diagonal is given by

Lrap = —Taog{(Awy + Ava)p + p(Auy + Agar)
— 2A40PAyg — 2A40 PAsg }
— (0BT +T2) + Ti2)(AyepAyg + Agy PAcy)
+ [0B(T'y +T2) — Ti2](AwepAug + Agwr PAear)

+ [Fa’s’ - 2(B2 - <12)1—‘12](As’epAea’ +Aa’epAes’)
+ (OCZFI - BzF2)(Au’epAs’g +Ags’ pAea’)
- (BZFI - OLZFZ)(As’epAa’g + Aga’ pAes’) (47)
with the coefficients
L 2
Fes’ = E(B F] + o Fz + 20(BF12)
1
Lyg =3 (*Ty + T2 + 20pTy2)
1
T =35 (2T + BTy — 20BT12)
1
Fafg = 3 (B2F1 + O(2F2 - ZOLBFQ)
1
Fa’x’ = 5 [OLB(FI - FZ) + (B2 - dz)rlz] (48)

In the absence of the driving field, the Hamiltonian (45) has a simple
diagonal form, where the different terms represent energies of the collective
states. In contrast, the dissipative part of the master equation is very extensive
and complicated and unlike the case of identical atoms, is not diagonal. The
diagonal dissipative part of the master equation, Eq. (46), contains the familiar
relaxation terms corresponding to spontaneous transitions between the collec-
tive states, and the coefficients I',y, I'yq, I'ew, and I'y, are the spontaneous
emission rates of the transitions. The off-diagonal part, Eq. (47), contains
spontaneously induced coherences between the transitions. They are of im-
portance only in systems of atoms with different transition frequencies (A # 0).

Similar to the case of identical atoms, there are two channels of transitions
le) — |s'Y — |g) and |e) — |a’) — |g) which decay with the rates Iy, 'y, and
I.w, I'yg, respectively. However, in contrast to the case of identical atoms, these
two channels of transitions are not independent and their decays are correlated
through various off-diagonal terms. The decay rates I'oy and I'y, are much
smaller than the decay rates Iy, I'y, involving the symmetric state and can be
reduced to zero. This happens only for atomic separations much smaller than the
optical wavelenght (the small sample model). In particular, the decay rate I'y,
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Figure 3. The spontaneous emission damping rate 'y, as a function of A for €2;, = 5I';, and

different I';: I'y = I'y (solid line), I'; = 2I'; (dashed line), I'; = 5T"; (dashed—dotted line).

of the antisymmetric state to the ground state, shown in Fig. 3, vanishes when
[43]

I

F12 = \/F]Fz and 5

o Op(ly —Ty)
S 0 30

Thus, with the condition (49) the antisymmetric state does not decay to the
ground state. Moreover, at the condition (49) the interference term vanishes,
sy = 0. Since in the trapping condition (49) the state |a') is also decoupled
from the interaction with the laser field, the only way to populate this state is by
spontaneous emission from the upper state |e).
The decoupling of the antisymmetric state |a¢’) from the coherent field
prevents the state from the external coherent interactions. This is not, however,
a useful property in terms of quantum computation, where it is required to

49
= (49)
The first condition, I';, = /"'y, is satisfied when the atoms are separated by
distances much smaller than the optical wavelength. The second condition is
satisfied when

231
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prepare entangled states which are decoupled from the external environment
and simultaneously should be accessible by coherent processes.

C. Maximally Entangled States of Two Nonidentical Atoms

The choice of the collective states (40) as a basis leads to a complicated master
equation whose physical properties are tractable only for very specific values of
the parameters involved. A different choice of basis collective states is proposed
here, which allows us to obtain a simple master equation of the system of two
nonidentical atoms. Moreover, we will show that it is possible to create a
maximally entangled state in the system of two nonidentical atoms that can be
decoupled from the external environment and, at the same time, the state
exhibits a strong coherent coupling with the remaining states.

In order to show this, we introduce superposition operators S& and ST, which
are linear combinations of the atomic operators Si* and S5, as

SE=uSf +0vSy, S, =u'S; +v'S;

N

SE=uSf —uSf, S, =v'S; —u'S; (51)

a
where the parameters u and v are in general complex numbers such that
Jul +[of*= 1 (52)

The operators S¢ and S represent, respectively, symmetric and antisymmetric
superpositions of the atomic dipole operators. In terms of the operators (51), we
can rewrite the dissipative part % p of the master equation as

Pp=-T(SIS;p+pSFS; —28 pST)
— LSS S, p+pS; S, —28,pSy)
—Lou(SSS, p+pSSS, —25,pS])
—Tus(SSS;p + pStS; — 28 pSH) (53)

where the coefficients I',,, are

= [u’T} + |[v]’Ts + (wv* + ' o),
Faa = [Ty + [u’Ty — (uv* + u*v)Ty,
Ty = uwv'Ty — uvls — (Ju]*—|v*)T12
Ty = oDy — uv'Ts — (Jul*—|v)T1a (54)
The first two terms in Eq. (53) are familiar spontaneous transitions terms and the

parameters ['y; and 'y, are spontaneous emission rates of the symmetric and
antisymmetric superpositions, respectively. The last two terms are due to
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coherence between the superposition states and the parameters I'y; and Iy,
appear as cross-damping rates between the superpositions.
If we make the identification

I I,
W=y = 2 55
I'i+1> I'i+1> (55)

then the parameters (54) simplify to

VI (T — VThIy)

1
Iy ==( I
5T+ T2) + I +1,
r :(VFIFZ—Flz)VFlF2
aa T, + 1,
1(I'y =) (v, =T
Fsa:Fas:_( 1 2)( L2 12) (56)
2 I'+15

Clearly, the cross-damping terms I' ;s and Iy, vanish when the damping rates of
the atoms are equal (I'y =TI%). Furthermore, if T';; = /I'1I,, then the
spontaneous emission rates I',,, 'y, and I'y, vanish regardless of the ratio
between the I'; and I'. In this limit, which corresponds to the case of the atoms
confined to the region much smaller than the optical wavelength, the
antisymmetric superposition does not decay and also decouples from the
symmetric superposition.

An interesting question arises as to whether the nondecaying antisymmetric
superposition can still be coupled to the symmetric superposition through the
coherent terms contained in the Hamiltonian H’. To check it, we first transform
the Hamiltonian (32) into the interaction picture and next rewrite the trans-
formed Hamiltonian in terms of the S& and S operators as

1 1
H = —h{ {AL -3 (u* — vz)A} SES; + {AL +5 (* —v*)A[S]S, .
—Auv(SFS, +5587) 4 mQua [2uv (S S, - S5 S,)
h
+ (= v*) (558, +858,)] - 5 {(u + v0)S;
—+ (UQ] — qu)S; + HC} (57)
where A; = 0 — of.
In Eq. (57), the first term arises from the Hamiltonian H4 and shows that the
energies of the symmetric and antisymmetric superpositions depend on the

energy difference A between the atomic transition frequencies and the sponta-
neous emission rates I';. It is interesting to note that the energy difference A
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introduces a coherent coupling between the superpositions. If the atoms are
identical, A =0 I'y =T, and then the superpositions have the same
energies and there is no contribution to the coherent interaction from the
Hamiltonian Hy.

The second term in Eq. (57), proportional to the dipole—dipole interaction
between the atoms, has two effects on the dynamics of the symmetric and
antisymmetric superpositions. The first is a shift of the energies, and the second
is the coherent interaction between the superpositions. It is seen from Eq. (57)
that the contribution of €1, to the coherent interaction between the super-
positions vanishes for I'j = I'y, and then the effect of 2}, is only the shift of the
energies from their unperturbed values. Note that the dipole—dipole interaction
Q1 shifts the energies in the opposite directions.

The third term in Eq. (57) represents the interaction of the superpositions
with the driving laser field. We see that the symmetric superposition couples to
the laser field with an enhanced Rabi frequency proportional to u€2; + v€,,
whereas the Rabi frequency of the antisymmetric superposition is proportional
to v€); — uf), and vanishes for v€); = ufl,.

We may rewrite the Hamiltonian (57) in a physically transparent form that
shows explicitly the presence of the coherent coupling between the super-
positions

1 1
H = —h{ <AL — EAI>S‘Y+S‘Y_ + (AL + EA’)S;’S;
h
+A(S]S, + S;S;)} -3 {(Qy +vi2.)S/
=+ (’UQ[ — MQQ)S; —+ HC} (58)
where A’ and A, are given by

A = [(u® — v*)A + 4Qu0)
A, = [ —v")Qn — Auv) (59)

The parameters A’ and A, allow us to gain physical insight into how the
dipole—dipole interaction €2j, and the frequency difference A can modify the
dynamics of the two-atom system. The parameter A’ appears as a shift of the
energies of the superposition systems, while A, determines the magnitude of the
coherent interaction between the superpositions. For 21, # 0 and identical
atoms the shift A’ # 0, but can vanish for nonidentical atoms. This occurs for

1(T) —Ty)A
Qp = — 1 _~2)2 60
12 4TI, (60)
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In contrast to the shift A’, which is different from zero for identical atoms, the
coherent coupling A, can be different from zero only for nonidentical atoms.
However, even in this case the coupling can vanish, which happens for

_ QT —Ty)
VI,

Obviously, with the condition (61) and I'j, = +/I'1I'; the antisymmetric super-
position of two nonidentical atoms completely decouples from the interactions.

Thus, the condition I'j; = +/I"|I", for suppression of spontaneous emission
from the antisymmetric state is valid for identical as well as nonidentical atoms,
whereas the coherent interaction between the superpositions appears only for
nonidentical atoms with different transition frequencies and/or spontaneous
damping rates.

The symmetric and antisymmetric superpositions (51) can be represented by
collective states of the system

le) = ler)]e2)

+) = ule1)|g2) + vlg1)|e2)

—) = vle1)|g2) — ulgi)le2)

lg) = |g1)]g2) (62)

A (61)

In the general case of I'; # I',, the superposition states |+) and |—) are non-
maximally entangled states. However, the states |+) and |—) can be represented
by linear superpositions of the maximally entangled states of two identical atoms
as

+
|=) = (u+v)la) — (u—v)ls) (63)

The entangled states |[+) and |—) are independent of A, but depend on the
damping rates T'; and T',. For T'y =T, (u=wv) the states are maximally
entangled, whereas for either I'j < I'; or I'} > I, the entangled states reduce to
the product states.

IV. SELECTIVE EXCITATION OF THE COLLECTIVE
ATOMIC STATES

We now consider excitation and population transfer processes that can lead to a
preparation of the two-atom system in one of the collective states. In particular,
we will focus on processes that can prepare the two-atom system in the
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entangled symmetric state |s). Our main interest, however, is in the preparation
of the system in the maximally entangled antisymmetric state |a), which, under
the condition I'j; = v/I';I',, is a decoherence-free state.

A. Preparation of the Symmetric State by a Pulse Laser

It has been shown [31] that a system of two identical two-level atoms may be
prepared in the symmetric state |s) by a short laser pulse. The conditions for a
selective excitation of the collective atomic states can be analyzed from the
interaction Hamiltonian of the laser field with the two-atom system. We make
the unitary transformation

H; = Mg o=t/ (64)
where

H() = h{ZAL|€> <€| + (AL + le)|s> <S‘| + (AL - ng)|a> <a|} (65)

and find that in the case of identical atoms, I'y = I'; and A = 0, the transformed
interaction Hamiltonian Hy is given by

= h b A—Qp) | ot (AL Q)
Hp, = — ﬁ {(Ql + QZ)(Sese + SSge )
+ () — ) (Sp, e/ 4 57 /B L Hoe ) (66)

where Hamiltonian represents the interaction of the laser field with the collective
two-atom system, and in the transformed form contains terms oscillating at
frequencies (A &+ €j,), which correspond to the two separate groups of
transitions between the collective atomic states at frequencies w; = @y +
and ©; = ©y — 212. The Ap + Qy, frequencies are separated from A; — )y,
frequencies by 2€1j;, and hence the two groups of the transitions evolve
separately when 2, > I'. Depending on the frequency, the laser can be
selectively tuned to one of the two groups of the transitions. When o, = oo+
Qa2 (AL + Q2 = 0), the laser is tuned to exact resonance with the |e) — |a) and
|g) — |s) transitions, and then the terms appearing in the Hamiltonian (66) and
corresponding to these transitions have no explicit time dependence. In contrast,
the |g) — |a) and |e) — |s) transitions are off-resonance and the terms correspond-
ing to these transitions have an explicit time dependence exp(22i€);,¢). If
Q12 > T, the off-resonance terms rapidly oscillate with the frequency 2€2;,, and
then we can make a secular approximation in which we neglect all those rapidly
oscillating terms. The interaction Hamiltonian can then be 